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I. INTRODUCTION 
Efficient fertilizer use can yield great profits. Since 
fertilizer is Increasingly becoming a larger item in the cost 
of production of crops, efficiency in the use of this resource 
is ever more important. If incorrect use of fertilizer is 
made, profits may be considerably reduced, or net losses may 
result. Hence, precise information is required as to what 
quantities of applied nutrients are most profitable under 
various environmental and economic conditions. Due to condi­
tions of price and yield uncertainty, this information is 
particularly important in decisions on whether or not to use 
fertilizer, and on the amounts and optimum nutrient combina­
tions. 
Knowledge of yield response functions is, therefore, 
essential for the sound economic use of fertilizer. Estima­
tion of yield response functions is complicated by the vari­
ability of crop response to fertilizer application due to soil 
characteristics, crop rotations, weather and other environ­
mental conditions. These variables change from location to 
location and over time. Hence, a production function esti­
mated empirically from one experiment cannot have great 
validity beyond the specific experimental situation under 
which it was derived. If information of both general applica­
tion and practical usefulness is to be obtained, fertilizer 
trials must be extended to cover a wider range of the vari-
2 
ablea mentioned above. Yield data from experiments repeated 
at different locations and over several years provide more 
reliable estimates of the general yield response functions 
than does one year, one locality experimental data. 
However, past studies of the economics of fertilizer use 
often have been based on experimental data for one year. 
Thus, some important aspects of fertilizer utilization, such 
as the variability of yield response over time and its eco­
nomic implications have not been analyzed on the basis of 
experimental results. 
This study is an analysis of the nature of crop response 
to fertilizer under various environmental conditions, as in­
ferred from numerous fertilizer trials. The main purpose of 
the study is to examine the implications of differential yield 
response and of alternative economic situations for practical 
fertilizer use recommendations, for managerial choices, and 
for future research. 
A. Nature of the Study 
First, this study is concerned with the estimation of 
production functions for crops that received phosphate and 
potash fertilization. Annual production functions are esti­
mated for corn, oats and meadow grown in rotation (C-O-M) at 
different locations, on several soil types, and over a period 
of years. Production functions are estimated also for C-O-M 
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rotation cycles in terms of total value product. Attempts are 
made to generalize the annual production functions to account 
for yield variation due to location, soil, and weather. 
Successful generalization of the production functions would 
greatly simplify and improve the extension of fertilizer 
recommendations from limited experimental data to a variety 
of farming situations. 
Secondly, economic optimum rates of phosphate and potash 
application are derived from the estimated production func­
tions assuming that various economic conditions existed. 
These conditions refer to alternative crop and fertilizer 
nutrient prices, and to limited and unlimited capital situ­
ations. Differences in crop yield response due to soils and 
weather are analyzed as to their effect on profits and optimum 
fertilizer rates under the various economic conditions 
assumed. 
A further situation studied refers to use of common 
fixed-ratio fertilizer mixtures instead of least-cost nutrient 
combinations. The consequences of following such a practice 
under the various environmental and economic conditions con­
sidered are evaluated from the standpoint of profits. 
Another problem analyzed is the selection of a production 
function to most adequately characterize future crop response 
on a given soil. Such a production function is needed since 
fertilizer use recommendations must be made without ex-ante 
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knowledge of the exact form of future crop response. 
Finally, consideration is given to the statistical vari­
ability of the quantities derived from the estimated produc­
tion functions. The implications of such variability are dis­
cussed in terms of its practical Importance for "recommenda­
tions derived from production functions estimated empirically 
from fertilizer trials. 
B. Objectives 
The following objectives can be specified for this study 
in the approximate order of the subsequent presentation: 
(a) To estimate production functions for corn, oats, and 
meadow that received fertilizer applications under various 
environmental conditions. These conditions refer to differ­
ences in locations, soils, and weather, (b) To generalize 
the production functions for each crop by Incorporating loca­
tion, soil, and weather variables into the functions. Gen­
eralization of the production functions Involves quantifica­
tion of climatic and soil factors to be used as independent 
regression variables, (c) To estimate economic optimum rates 
of fertilization for corn, oats and meadow under various envi­
ronmental and economic conditions. The economic conditions 
refer to differences in crop and fertilizer nutrient prices 
x and to differences in capital availability, (d) To estimate 
value-product functions for the corn-oats-meadow rotation and 
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to determine economically optimum fertilization plans for the 
rotation under various environmental and economic conditions. 
(e) To analyze, from the standpoint of profits, the conse­
quences of using common fertilizer mixtures for the crops and 
for the C-O-M rotation instead of optimum nutrient combina­
tions. (f) To establish statistical confidence limits for the 
technical and economic quantities derived from the production 
functions, and to discuss their significance for the conclu­
sions obtained in this study. 
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II. DATA AND PROCEDURES 
A. Source of Data 
Data for this study were obtained from several long-time 
experiments conducted under thé direction of the Agronomy 
Department of Iowa State University. Each experiment con­
sisted of applications of phosphate (P2O5) and potash (KgO) 
to a rotation of corn-oats-meadow• The varieties of corn and 
oats used were not identical in all experiments, but were 
those best adapted to the location where the experiments were 
conducted. The meadow consisted of a constant mixture of 
forages in which alfalfa was the predominant species. The 
meadow was seeded with oats and land was fall plowed for corn 
the following year. 
The experimental design was a 3 x 3 factorial, with the 
phosphate and the potash each applied at levels of 0, 45 and 
90 pounds per acre. One-third of the fertilizer (0, 15 and 
30 pounds) was applied to the corn; the rest (0, 30 and 60 
pounds) was applied to the oats. The meadow did not receive 
a direct fertilizer application. 
This basic experiment was carried out at three Iowa loca­
tions: (a) Howard County Experimental Farm, Howard County; 
(b) Clarion-Webster Experimental Farm, Hancock County; (c) 
Seymour-Shelby Experimental Farm, Wayne County. The experi­
ment at the first location was conducted simultaneously on 
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two different soil types, Clyde and Cresoo. At the second 
location it was conducted on two soils, a Calcareous Webster 
and an Acid Webster soil. At the third location the experi­
ment was on a Seymour Edina soil. At the Clarion-Webster and 
the Seymour-Shelby farms three segments of land were used 
within each soil type in order to have a yield observation 
each year for each one of the crops in the C-O-M rotation 
cycle. 
The cropping plan and the time periods over which experi­
ments were conducted at each location are shown below. 
Acid and 
Cresco soil Clyde soil Calcareous Webster soils 
Land segments 
year crop year crop year A B C 
1945 oats 1948 oats 1954 corn 
1946 meadow 1949 meadow 1955 oats corn — 
1947 corn 1950 corn 1956 meadow oats corn 
1948 oats 1951 oats 1957 corn meadow oats 
1949 meadow 1952 meadow 1958 oats corn meadow 
1950 corn 1953 corn 1959 meadow oats corn 
1951 oats 1954 oats 1960 corn meadow oats 
1952 meadow 1955 meadow 
1953 corn 1956 corn 
1954 oats 1957 oats 
1955 meadow 1958 meadow 
1956 corn 1959 corn 
1957 oats 1960 oats 
1958 meadow 
1959 corn 
1960 oats 
(- No crop sown that year) 
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Seymour soil 
Land segments 
year A B C 
1949 corn oats 
1950 oats **** meadow 
1951 meadow oats corn 
1952 corn **## oats 
1953 oats corn meadow 
1954 meadow oats corn 
1955 corn meadow oats 
1956 oats corn meadow 
1957 meadow oats corn 
1958 corn meadow oats 
1959 ***# corn meadow 
1960 meadow oats corn 
( **** Crop failure) 
The experimental design for the Howard County fertilizer 
trials was a completely randomized one with three replicates 
per treatment combination. At the Clarion-Webster and Seymour 
locations the design was one of randomized complete blocks, 
with the blocks replicated twice. 
The mean treatment yields for all the experiments are 
presented in Appendix A. The corn yields were adjusted to 15 
per cent-moisture. The hay yields include two cuttings and 
were adjusted to 12 per cent moisture. 
B. Procedures 
The objectives listed in Chapter I suggest that several 
procedures must be used at different stages of the analysis. 
For the purpose of presentation, each procedure is explained 
in detail in an appropriate section of this manuscript. 
The most important statistical tools used are analysis 
g 
of variance techniques to determine the response to fertilizer 
and least squares regression methods for the estimation of the 
production functions. 
Estimation of the technical and economic relationships 
between fertilizer nutrients and crops is a fundamental part 
of this whole study. Therefore, the methodology for the 
derivation of technical and economic relationships from the 
production functions is presented In detail in the next 
chapter. 
Given the large amount of data to be processed, extensive 
use was made of the IBM 650 computer-
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III. ANALYTICAL FRAMEWORK 
The logic and methodology underlying the economics of 
fertilizer use are set forth briefly in the present chapter 
(10, 11, 12, 13, 15). In order to simplify the later pre­
sentation of the empirical results of this research, the 
methodology is illustrated by the quadratic function, the 
functional form used throughout this study. 
A. Choice of Model 
The problem faced in a production function analysis is 
to specify input-output relationships. Specification of 
input-output relationships requires the definition of math­
ematical models that give an accurate approximation to the 
production relationships. Models must satisfy certain a 
priori assumptions which are imposed because of theoretical 
reasons. Typically, in the case of fertilizer research, . 
biological and economic conditions require that the response 
functions allow the yield to reach a maximum and permit the 
possibility of diminishing total product. Also, the functions 
should allow the inputs to present substitution relationships 
at low yields, as well as relationships of substitution and 
complementarity at higher yields. In addition, inputs should 
become technical complements at the maximum yield, implying 
that the isoclines should converge at the maximum point. 
Statistical considerations are also important for the 
11 
définition of a model. The difficulty of fitting a certain 
mathematical function statistically may prevent its actual 
use in research work, even if the function is very appropriate 
otherwise. 
Several algebraic forms may characterize approximately 
the same production relationship and it becomes necessary to 
select the best one from among them for a given situation. 
There is no objective test for the selection. The most common 
procedure is to choose first those functions that have the 
desirable properties mentioned previously and then select the 
one that gives the best fit, or the highest R^. Past expe­
rience in production function research should also be taken 
into account for selection of mathematical models. 
According to such criteria the quadratic function was 
selected for use in the present study. This function gave the 
best fit for a majority of the experiments. The same type of 
equation was used for all sets of data for reasons of con­
sistency as well as for practical computational considera­
tions. A more complicated model that would fit one set of 
a* * 
data well may not hold true if the same equation is used for 
another set of data. However, if the postulate is that a 
given model represents the true form of the response the model 
should be expected to give a good fit in all or the majority 
of the cases to which it is applied. For this reason alterna­
tive functional forms were not used in this study. Finally, 
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for purposes of aggregation of data and of making comparisons 
it was convenient to have all the input-output relationships 
expressed in the same manner. 
B. Technical and Economic Relationships Derived 
from the Production Functions 
The form of the production function selected is: 
(3.1) Y = bQ + b]P + bgK + b3P2 + b4K2 + b&PK , 
where Y stands for expected crop yield, P and K are pounds of 
Pg05 and KgO applied per acre, respectively, bQ is the ex­
pected yield corresponding to the check-plot and b% through b5 
are the partial regression coefficients. The estimated co­
efficients b]_ and bg should be positive and bg and b^ should 
be negative in order to describe a convex surface; that is, 
one presenting diminishing marginal product. The estimated 
coefficient b5 may be either positive, negative, or zero 
according to whether the nutrients present a positive or a 
negative interaction between them, or no interaction. 
The marginal products for each input can be computed by 
taking the partial derivative of the yield with respect to 
that input : 
(3.2) MPPj£ = = bg + 2b^K + bgP 
(3.3) MPPp = = bx + 2b3P + b5K , 
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where MPPg and MPPp are the marginal physical products of 
KgO and Pg05, respectively. 
Yield isoquants can be constructed by holding yield 
constant at a certain level, Y0, and expressing one input as 
a function of the other: 
< - >  
V(b5-4b3b4)K2 + (gbibs-ébgbglK + 4b3Y0 + (bf-4b3b0) 
* 2*3 
bp be 
(3'5) K = -2bf-2bfP 
V(b|-4b3b4)P2 + (Sbgbg-to^lP + 4b4Y0 + (bf-4b4b0) 
- : 2bJ 
Yield isoquants show the various combinations of PgOg and KgO 
required to produce a given yield. The successive isoquants 
for the quadratic equation have different slopes at the points 
where they are intercepted by a scale line, i.e., a straight 
line through the origin. The meaning is that the same fixed 
input combination should not be used for all levels of out­
put . 
From equations (3.4) or (3.5) the marginal rates of sub­
stitution, , between the resources can be determined by 
computing the derivative of each input with respect to the 
other. The marginal rate of substitution shows how much one 
input is reduced by the addition of one unit of the other 
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input when yield is maintained at a constant level. The mar­
ginal rate of substitution can be more easily computed as the 
ratio of the marginal products of the two Inputs: 
(3.6) 
(3.7) 
b-^ + 2b3P + bgK 
K-P = dP = b2 + 2b4K + b5P 
MRStz -n = = 
MRST dP 
bg + 2b4K + b5P 
'P-K " dK " b-L + 2bgP + b5K ' 
Equation (3.6) gives the quantity of Pg05 that is replaced 
by one additional unit of KgO when yield is maintained at a 
given level. Equation (3.7) is the reverse case. 
The lines that connect points of equal marginal rates of 
substitution on successive Isoquants are referred to as yield 
isoclines. The equation for an isocline Is obtained by set­
ting the marginal rates of substitution equal to a constant 
value, 4 g, and solving for one input In terms of the other: 
(3.8) 
(3.9) 
K = 
P = 
4pbl - b2 
2b4 - °iob5. 
b2 ~ °( obl 
2 °( ob3 " b5 
,2b4 - °( 0b5 
K 
2 4ob3 - b5 
The two Isoclines resulting from equating the marginal rates 
of substitution to zero and infinity are called ridgelines. 
The ridgelines define the limits of rational combination of 
inputs to produce any output. They indicate the points on 
the isoquants where the two inputs become technical comple-
15 
ments. By setting cj0 equal to the inverse of the fertilizer 
nutrient price ratio, the least-cost combination of fertilizer 
Inputs to produce a given yield is determined. The particular 
isocline thus defined is called an expansion path. The iso­
clines for the quadratic equation are straight lines and con­
verge at the point of maximum yield. The isoclines intercept 
the coordinates at the points defined by the terms within the 
first brackets in equations (3.8) and (3.9); the slope of the 
lines is given by the terms inside the second brackets. 
To determine the optimum quantity of fertilizer applica­
tion and the optimum combination of nutrients, i.e., the 
fertilizer rates that will maximize profits with unlimited 
capital, the partial derivatives of function (3.1) with re­
spect to each factor are equated to the respective factor-
product price ratio and are solved simultaneously: 
b-^ + 2bgP + bgK = '"^p/ Tty 
(3.10) 
bg + 2b4K + b^P = l^jç/ Tty * 
1tp refers to the price of PgOg per pound, Ttg to the price 
of KgO per pound and fty is the price of the crop per bushel 
or ton. 
The profits obtained from applying the rates of ferti­
lizer determined in such a manner for any one crop are com­
puted from the following equation: 
(3.11) IT = (%o - bg) Tly - P0 TCp - KQ T£K » 
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where IT stands for profits, or net returns to fertilizer, 
Y0 is the optimum yield estimated from production function 
(3.1), if the optimum rates PQ of PgOg and KQ of KgO obtained 
from equation (3.10) are applied. The other terms are de­
fined as before. 
If the capital available is limited, investment in fer­
tilizer must be considered in the nature of an opportunity 
cost. In such a case the concept of returns per dollar in­
vested in fertilizer, %, is useful and can be obtained as 
follows: 
-,y\ Q (%o " bo) TCY 
Q = P0 TCp + Kq 1XK » 
where all symbols are defined as above. 
A more appropriate criterion in selecting the fertilizer 
rates to be applied when capital is limited may be to max­
imize the returns per dollar invested in fertilizer, including 
the fixed costs of application. Fertilizer is added only to 
the point where the ratio between total returns to fertilizer 
and total cost of fertilizer is at a maximum. 
Returns per dollar invested in the productive factor are 
defined by a "rate of returns11 function, obtained by dividing 
the fertilizer revenue function (total revenue minus check-
plot revenue)"*" by the total fertilizer cost function: 
^The check-plot revenue must be subtracted because the 
cost function refers only to fertilizer cost. If the check-
plot revenue were included in the revenue function, all other 
costs of production should be taken into consideration. 
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1ïv(b,P + lo0K + b,P2 + bAK2 + bRPK) 
(3.13) I = ~Z Z — ' 
G + ÎCpP + 1TKK 
where I Is the rate of returns and G stands for the fixed 
costs of fertilizer application. The other terms are defined 
as before. 
The ratio defined by equation (3.13) is maximized by 
setting its partial derivative with respect to one of the 
inputs equal to zero. The solution for a two-variable prob­
lem requires another equation; it is provided by the equation 
of the expansion path (3.8) or (3.9), because the estimated 
fertilizer rates must be a least-cost mix. Solving the equa-. 
tions for the derivative of (3.13) and for the expansion path 
simultaneously, the quantities of PgOg and KgO inputs that 
maximize the returns per dollar invested in fertilizer are 
obtained. 
The crop price cancels out in the equation for the 
derivative of (3.13) and therefore the quantities of inputs 
that maximize the rate of returns are not changed by changes 
in crop prices. 
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IV. DETERMINATION OF THE PRODUCTION FUNCTIONS 
The production functions derived in this chapter relate 
only to crops grown in a corn-oats-meadow rotation and that 
have been subject to a program of fertilizer applications like 
that of the experiments under consideration. If there is a 
"rotation effect" on any one or on all of the crops, it is 
implicitly included in the response functions. This condi­
tion is especially true for the corn that received nitrogen 
from the legume grown the year before• The assumption is 
made also that there is no carry-over of fertilizer or of the 
rotation effect from one rotation cycle to the next; i.e., 
each cycle is assumed independent of the others. This 
assumption may not be wholly realistic, but since these 
effects were covered by the greater yield variation due to 
weather, they could be Ignored without introducing major 
biases in the results. 
A. Regression Analysis 
The first step in the process of assessing the yield 
response to the applied nutrients was to perform analyses of 
variance for each set of experimental data. The analyses of 
variance are presented in Tables 1 through 15. 
Corn showed a consistent response to both phosphate and 
potash on Cresco and Clyde soils. On Clyde soil the response 
to KgO was more Important in most years. On the Acid Webster 
Table 1. Analyses of variance of corn yields on Clyde soil during specified years 
Source of 
variation 
Degrees ç 
freedom" a Mean squares 19 50 1953 1956 I959#a 
To tal 26 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic 
\ pt 
8 
1 
1 
1 
1 
1 
1 
1 
1 
272.22** 
36.18 
2,499.24** 
226.12** 
66.27 
28.44 
27.04 
24.46 
4.70 
188.16* 
4,050.00** 
308.17** 
392.16** 
.00 
.01 
59.85 
40.50 
18.49 
7,212.00** 
963.51** 
110.41* 
13.69 
.49 
14.81 
3.92 
86.64 
4,704.50** 
384.00 
500.52 
57.00 
.90 
27.30 ; 
Error 18 24.79 31.23 20.61 138.36 
aSymbol (#) represents a missing plot and degrees of freedom for the annual 
experiment were reduced by one. The same notation is used in subsequent tables. 
When two or three # symbols appear, degrees of freedom for the experiment were 
reduced by two or three. 
••Significant at the 1# level. 
•Significant at the 5# level. 
Table 2- Analyses of variance of corn yields on Cresco soil during specified years 
Source of 
variation 
Degrees of 
freedom 1947# 
Mean squares 
1950 1953# 1956 1959# 
Total 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic 
ii 
26 
8 
1 
1 
1 
1 
1 
1 
1 
1 
276.12** 1,558.68** 239.80* 271.44* 787.48** 
98.42* 439.76* 207.68* 28.02 13.29 
87.12* 92-93 300-12** 658.84** 398.04* 
.06 65.12 105.00 163.98 22-78 
21.87 .52 132.67 1.84 262.21* 
.64 .52 132-67 1.84 262-21* 
47.61 72.53 23.52 12-60 61-32 
5.88 1.79 .70 .32 16.78 
Error 18 15.60 46.72 34.05 55-41 48.57 
Table 3. Analyses of variance of corn yields on Acid Webster soil during specified 
years 
Source of Degrees of Mean squares 
variation freedom0a 19540 19550 19560 19570 19580 1959 1960 
Total 17 
Replicates 1 
Treatments 8 
P linear 1 71.05 733.20** 302.00 639.05** 2,682.03** 1,689.81** 383.07 
P quadratic 1 66.15 14.19 94.09 93.90** 129.20 80.40 9.61 
K linear 1 20.80 95.20 11.21 • 21 145.60 .65 2-90 
K quadratic 1 .13 2.45 .16 7.67 9.20 131.48 31.92 
PL kL 1 3.38 33.62 .18 31.03 57.24 55.12 .06 
PL Kq 1 .43 44.83 55.21 .98 118.82 33.61 28.38 
PQ, KL 1 11.21 49.31 23.21 30.16 4.68 20.17 8.00 
Pft KQ, 1 12.84 122.72 204.02 14.71 5:01 4.40 154.00 
Error 8 25.04 48.48 61.86 7.39 103.52 52.47 95.33 
aThe symbol (0) in this and subsequent tables means adjusted for stand; one 
degree of freedom must be substracted from the experiments concerned. 
Table 4. Analyses of variance of corn yields on Calcareous Webster soil during 
specified years 
Source of 
variation 
De­
grees 
of 
free­
dom 19 54^ 
Mean squares 
1955 1956f 1957' 1958 1959 1960^ 
Total 
Replicates 
Treatments 
P linear 
P quad­
ratic 
K linear 
K quad­
ratic 
% I 
Pq Kq 
Error 
17 
1 
8 
1 193.60* 788.94** 320.33* 3,468.00** 5,022.52** 4,981.68** 5,357.38** 
1 26.01 16.40 42.68 7.11 176.45* 1.48 .01 
1 16.33 .07 63.48 .08 211,68* 17.52 65.51 
1 4.00 21.62 82.20 29.52 11.11 58.01 14.21 
1 10.12 125.61 14.58 .40 49.00 69.62 52.82 
1 11.48 34.32 97.61 2.54 1.60 69.36 128.02 
1 .20 4.59 475.26* 8.88 18.38 96.80 18.46 
1 8.40 1.53 231.84 112.00 1.03 204.69 18.57 
8 30.57 39.68 45.93 99.67 24.64 48.61 120.00 
Table 5. Analysis of variance of corn yields on Seymour soil during specified 
years 
Source of Degrees of ™ Mean squares 
variation freedom 1949** 1951 1952** 1953 1954 1955** 
Total 
Replicates 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic 
« 
Error 
17 
1 
8 
1 31.36 1,496.33** 396.75* 110.41 164.28* 34.00 
1 .03 143.20 35.20 .19 52.32 8.22 
1 78.54 .03 731.64** 34 .34 .12 6.45 
1 1.48 12.48 54.51 2.20 4.13 8.22 
1 148.78* 6.84 23.12 79.38 9.90 1.20 
1 17.17 26.04 .00 26 .88 .09 17.17 
1 42.40 54.00 .04 8.40 10.53 8.52 
1 6.18 61.98 2.49 6.24 2.61 .96 
8 19.86 52.83 33.06 31.72 20.72 30.92 
Table 5. (Continued) 
Source of Degrees of Mean squares 
variation freedom 1956 1957 19 58**# 1959 1960# 
Total 
Replicates 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic 
PL KL 
111 
Error 
17 
1 
8 
1 31.69 173.28** 26.11 395.60* 257.61 
1 1.65 1.07 5.84 3.55 171.61 
1 11.80 14.30 4.44 235.85 110.41 
1 1.65 18.63 5.68 8.80 90.25 
1 10.35 4.50 44.18 16.53 2.42 
1 18.90 61.44* 36.02 12.76 25.63 
1 34.32 2.67 .03 21.47 3.68 
1 .02 4.30 49.67 14.67 19.84 
8 7.65 6.26 22.04 51.86 60.78 
Table 6. Analyses of variance of oats yields on Clyde soil during specified 
years 
Source of Degrees of Mean squares 
variation freedom 1948 19 51 1954 1957 1960 
Total 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic 
ii 
Error 
26 
8 
1 88.44 375.38** 657.64** 774.87** 412.80** 
1 11.30 31.43 54.40* 292.60** 49.31 
1 .29 61.98 176.09** 22.89 220.50* 
1 15.47 29.63 78.96* 70.04 37.50 
1 .56 8.33 50.84* 42.94 .10 
1 102.01 11.56 1.48 2.51 _ 8.51 
1 5.92 1.60 .01 6.33 13.32 
1 40.09 39.84 19.34 3.31 . 285.19** 
18 47.30 18.77 10.50 18.35 33.23 
ro 
cn 
Table 7. Analyses of variance of oats yields on Cresco soli during specified 
years 
Source of Degrees of Mean squares 
variation freedom 1945 1948 1951 1954 1957 I960* 
Total 26 
Treatments 8 
P linear 1 534. 64** 621. ,87** 798. 67** 1,101. 37** 1,411. 58** 274. 56 
P quadratic 1 176. 76* 56. 02 26. 32 147. 34** 142, .11** 400. 71 
K linear 1 .02 .06 419. 53** 36. 98 20. 27 30. ,68 
K quadratic 1 .07 43. 02 6. 90 1. 18 7. 48 25. 76 
•11 
1 5. 88 35, .02 5. 33 4. 69 .08 16. ,33 
1 6, .25 27. 21 19 .07 5. 37 1 .79 16. 27 
1 40. 96 2. 51 19. ,65 .00 .11 .13 
1 3. 93 .73 1, .81 9 .66 27* .60 157, .44 
Error 18 25 .78 21. 18 19, .92 15 .86 13. 45 104 .74 
Table 8. Analyses of variance of oats yields on Acid Webster soil during specified 
years8-
Source of Degrees of Mean squares 
variation freedom 1955 1956 1957 1958 1960 
Total 17 
Replicates 1 
Treatments 8 
P linear 1 3,356. 71** 2,324, .08** 12. 81 5,034, .80** 2,149. 36** 
P quadratic 1 742. 56** 705. 79** 9. ,61 284, .48* 1, .96 
K linear 1 7. 21 51. 67 7. 52 85. 33 30. 40 
K quadratic 1 28. 62 11, .45 69. 72 4, .99 183, .60 
PL Kl 1 . 21 11, .52 139. 44 .32 111, .76 
PL Kn 1 60. 48 12, .91 5. ,80 136, .33 15, -20 
% 1 6. 30 10. 94 1. ,60 66, .00 110, .51 1 5. 61 241, .27* 25, .20 .93 155, .76 
Error 8 42. 27 24 .03 45, .16 52 .44 36 .02 
aIn the year 1959 one replicate was lost. 
Table 9. Analyses of variance of oats yields on Calcareous Webster soil during 
specified years 
Degrees 
Source of of Mean squares 
variation freedom 1955 1956 1957# 1958 19 59 1960 
Total 17 
Replicates 1 
Treatments 8 
P linear 1 6,097.52** 1,875.00* 293.04** 6,519.34** 11,907.00** 4,892.44** 
P quadratic 
K linear 
K quadratic 
it 
Error 
1 259.75 417.52 109.20* 364.17 16.81 160.87 
1 161.33 12.20 1.40 9.36 80.60 82.16 
1 .28 60.58 4.20 1.78 103.02 49.94 
1 150.51 141.12 55.65 32.40 508.80 18.91 
1 78.12 7.26 9.50 31.97 65.34 9.50 
1 65.67 11.21 .22 4.25 130.67 3.92 
1 139.17 159.61 21.45 64.03 83.20 9.31 
8 72.90 204.64 16.34 307.31 105.93 54.85 
Table 10. Analyses of variance of oats yields on Seymour soil during specified 
years 
Source of 
variation 
Degrees of 
freedom 1949 
Mean squares 
1950# 1951 1952 1953## 1954 
Total 
Replicates 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic 
ii 
17 
1 
8 
Error 
1 174.80*" 16.57 25.23 461.28** 155.52* 6.02 
1 47.15 .10 8.80 46.69 15.47 9.71 
1 15.64 .91 5.88 1.20 5.33 10.83 
1 3.67 32.30 70.00 .05 26.35 22.40 
1 .04 1.20 3.51 2.00 5.95 2.20 
1 10.67 5.70 24.60 52.22 1.35 4.00 
1 16.67 47.88* 32.43 4.17 .01 67.34 
1 32.27 6.18 7.67 .01 2.38 33.89 
8 10.05 6.95 15.30 25.92 11.76 50.61 
Table 10. (Continued) 
Source of 
variation 
Degrees of 
freedom 1955 
Mean squares 
1956# 1957 1958 1960 
Total 
Replicates 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic 
% I 
Error 
17 
1 
8 
1 1,518.75** 66.27* 320.33** 1,399.68** 247.52 
1 704.02** 33.25 .13 75.69 3.18 
1 ' 20.80 6.31 45.24 178.64 .27 
1 5.92 .97 8.90 .72 .59 
1 15.96 5.61 20.16 80.64 19.53 
1 6.93 6.30 .00 103.34 21.47 
1 7.82 1.65 12.76 196.08 41.34 
1 109.77 .45 32.94 .60 40.35 
8 26.09 10.56 21.14 42.06 58.41 
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Table 11. Analyses of variance of hay on Clyde soil during 
specified years 
Source of Degrees of Mean squares 
variation freedom 1949 1952 1955 1958 
Total 26 
Treatments 8 
P linear 1 
P quadratic 1 
K linear 1 
K quadratic 1 
II i 
Error 18 
.4802* 5.3029** 
.0096 .6823** 
.4294* 1.9208** 
.0294 .1330 
.3924* .2187 
.0506 .0608 
• 0191 .5625* 
.2160 .1394 
.0597 .0706 
.0187 4.2827** 
.3392 .4231* 
2.1287** .8756** 
.0031 .0733 
.0616 .2187 
.0245 .2336 
.0044 .0413 
.0626 .0307 
.0773 .0909 
Table 12. Analyses of variance of hay on Cresco soil during 
specified years 
Source of 
variation 
Degrees 
of Mean squares 
. 1946 1949 1952 1955 1958 
.3368** 3.7174** 
*
 
*
 
co CD i—1 
4.5300** 5.9858** 
.0358 .5974** .0719 .6913 .7397* 
.0029 .3280** .4900* 1.3448* .2939 
.0236 .0007 .3733 • 1102 .0613 
.0061 .0154 .0019 .0040 .0363 
.0831 .0283 .0012 .4096 .0576 
.0000 .0020 .0702 .0625 .1045 
.0110 .0098 .0000 .1070 .0313 
.0354 .0374 .1015 .2855 .1598 
Total 26 
Treatments 8 
P linear 
P quadratic 
K linear 
K quadratic 
11 
PQ, KQ, 
Error 18 
Table 13. Analyses of variance of hay on Acid Webster soil during specified 
years 
Source of 
variation 
Degrees of 
freedom 1956 1957 
Mean squares 
1958 1959 1960 
Total 
Replicates 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic 
PL kL 
k I 
Error 
17 
1 
8 
1 4.8641** 9 .0100** 3.3180** 7.8894** 47.2430** 
1 .0592 1.0700** .0210 .0240 5.2212** 
1 • 1121 .1000 .0208 .0133 .0660 
1 .0205 .3800* .1024 .0001 .1260 
1 .0045 .5000* .0004 .0045 .1035 
1 .2926 .0400 .0001 .2035 .0442 
1 .1080 .1700 .0043 .1190 .0925 
1 .0184 .0700 .0084 .0990 .0781 
8 .2703 .0700 .1534 .0780 .1212 
Table 14. Analyses of variance of hay on Calcareous Webster soil during specified 
years 
Source of Degrees of Mean squares 
variation freedom 1956 1957 1958 1959 1960 
Total 
Replicates 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic 
« 
17 
1 
8 
1 
1 
1 
1 
1 
1 
1 
1 
9.7741*» 13.2300** 13.2510** 16.3100** 43.5103** 
.2450 
.1474 
.2070 
.0021 
.0273 
.4082 
.0021 
.1100 
.1400 
.0100 
.1000 
.0000 
.1200 
.0700 
.0010 
.0091 
.0477 
.0220 
. 0043 
.1094* 
.4110** 
.0251 
.0114 
.0191 
.1352 
.0241 
.0033 
.0174 
1.1413** 
.1825* 
.0374 
.0181 
.0301 
.0782 
.0284 
Error 8 .4162 .0800 .0106 .1732 .0343 
34 
Table 15. Analyses of variance of hay on Seymour soil during 
specified years 
Source of Degrees of Mean squares 
variation freedom 19 50 1951# 1953 1954# 1955 
Total 
Replicates 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic it 
Error 
17 
1 
8 
1 .6257** .6120** 
1 .0064 .0002 
1 .0102 .0736* 
1 .0240 .0049 
1 .0028 .0112 
1 .0015 .0641* 
1 .0000 .0140 
1 .0000 .5202** 
8 .0220 .0149 
.4107** 
.1156* 
.0030 
.0006 
.0364 
.1441* 
.0561 
.0000 
.4641** 
.0576 
.1365* 
.0400 
.0120 
.0057 
.0070 
. 0136 
.7057* 
.2070 
• 1323 
.0441 
• 2701 
.4620 
.0408 
.0036 
Table 15. (Continued) 
Source of 
variation 
Degrees of 
freedom 
Mean squares 
1956 1957# 1958 1959 1960 
Total 17 
Replicates 1 
Treatments 
P linear 1 .3104** .5896** .0432 .4408**2 .6040** 
P quadratic 1 .0001 .0289 .1272 .0625 . 5305** 
K linear 1 .0021 •2002* .0444 .0588 .0001 
K quadratic 1 .0000 .0002 .0393 .0016 .0160 
PL Kl 1 .0002 .0098 .0338 .0032 .0021 
PL H 1 .03 53* .0888 .0038 .0308 .0925 
Pq, *L 1 .0113 .1473 .1504 .0006 .0057 
PQ 1 .0006 .0181 .0624 .0024 .0159 
Error 8 .0093 .0537 .2912 .0213 .0573 
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and Calcareous Webster soils the corn response was mainly to 
PgOg and generally only the linear component was statistically 
significant. The effect of the fertilizer for corn on Seymour 
soil was unstable; some years there was no significant re­
sponse and In others the linear component of PgOg was sig­
nificant. One year there was a good response to KgO. 
Oats showed a good response to PgO$ on Cresco and Clyde 
soils. Oats response to PgOg on the Webster soils was very 
consistent but generally only of linear nature. On the Sey­
mour soil the effect of the fertilizer was variable, the PgOg 
being the more important nutrient for oats during most years. 
The meadow crop showed significant responses to both 
P2O5 and KgO on Cresco and Clyde soils during most years. 
On the Webster soils, the response was mainly to PgOg, the 
effect of KgO being almost always negligible. The meadow 
response was variable on the Seymour soil: PgO^ had a sig­
nificant effect on yields during most years, while KgO showed 
an occasional effect during some years. 
In general, for all crops the effect of the applied 
nutrients was mainly of a linear nature, suggesting that 
higher rates of fertilizer application would have been desir­
able. Phosphate and potash interactions higher than the 
linear by linear were mostly negligible, although in a few 
cases they contributed significantly to the sums of squares. 
In order to characterize the nature of the response 
36 
surfaces, a mathematical function was fitted by the method of 
least squares to each set of experimental data. From a prac­
tical standpoint, the concept of an average response function 
on a given soil is a very useful one. Hence, average produc­
tion functions were estimated in spite of some statistical 
shortcomings. As stated in Chapter III, a quadratic equation 
of type (3.1) was selected as the most appropriate model for 
characterization of the yield response. Square-root functions 
were tried as an alternative form on some of the experiments; 
results are presented in Appendix B. From a statistical view­
point there was no improvement over the quadratic function. 
Hence only the latter function was retained in the analysis. 
All functions were fitted with the independent variables 
coded as -1, 0, +1 for the low, medium and high levels of 
phosphate and potash application. The regression coefficients 
were decoded in order to express the fertilizer response in 
pounds per acre. The hay functions were decoded by the total 
amount of fertilizer applied to the crop rotation, i.e., 0, 
45 and 90 pounds per acre of Pg°5 and KgO, although the actual 
nutrients available to the meadow did not correspond to such 
applied quantities. 
The coefficients for the estimated regression equations, 
with the respective standard errors, t-tests, probability 
p 
levels and R 1 s, are presented in Tables 16 through 30. 
All the P and K terms were retained in the derived 
Table 16. Regression coefficients (bjj, standard errors, t values and 
coefficients of determination (R2) for corn on Clyde soil during 
specified years® 
bo bl b2 b3 b4 b5 R
2 
Year 1950 
Standard error 
t 
Probability 
24, .150001 .428889 
.306389 
1.400 
b 
* 1.448889 
.306389 
4.729 
* 
-.010889 
.009291 
1.171 
c 
-.027333 
.009291 
2.942 
+ 
.010444 
.006570 
1.590 
b 
.975 
Year 1953 
Standard error 
t 
Probability 
38 .718888 .399111 
.266720 
1.496 
b 
1.569111 
.266720 
5.883 
** 
-.024822 
.008088 
3.069 
+ 
-.031711 
.008088 
3.921 
* 
.025333 
.005719 
4.430 
* 
.988 
Year 1956 
Standard error 
t 
Probability 
44 .168667 .135778 
.185585 
.732 
d 
2.820222 
.185585 
15.196 
** 
-.007933 
.005628 
1.410 
b 
-.056378 
.005628 
10.017 
** 
.013556 
.003979 
3.407 
* 
.996 
Year 1959 
Standard error 
t 
Probability 
56 .903333 .044889 
.318995 
.141 
d 
1.713778 
.318999 
5.372 
* 
-.016889 
.009673 
1.746 
@ 
-.035556 
.009673 
3.676 
* 
.028711 
.006840 
4.198 
# 
.985 
Average function 
Standard error 
t 
Probability 
40 .983334 .252222 
.163078 
1.547 
b 
1.887667 
.163078 
11.575 
** 
-.015133 
.004945 
3.060 
+ 
-.037733 
.004945 
7.630 
** 
.019511 
.003497 
5.579 
* 
.996 
^Probability levels are : ** ~1# +: 5-10% b: 20-30# d: ^ 40# 
*1-5% 10-20# c: 30-40# 
Table 17. Regression coefficients (b^) standard errors, t values and coefficients 
of determination (R2) for corn on Cresco soil during specified years 
bo bl b2 b3 b4 b5 R
2 
Year 1947 
Standard error 
t 
Probability 
61, .016667 .711111 
.254141 
2.798 
+ 
.700000 
.254141 
2.754 
+ 
-.018000 
.007707 
2.336 
@ 
-.000444 
.007707 
.058 
d 
.006000 
.005449 
1.101 
c 
.899 
Year 1950 
Standard error 
t 
Probability 
47 .381088 1.745335 
.304396 
5.734 
* 
.582000 
.304396 
1.912 
@ 
-.038289 
.009230 
4.148 
* 
-.014956 
.009230 
1.620 
b 
€
001333 
.006527 
.204 
a 
.965 
Year 1953 
Standard error 
t 
Probability 
50 .743889 .806333 
.305218 
2.641 
+ 
.608556 
.305218 
1.994 
@ 
-.026156 
.009255 
2.826 
+ 
-.018600 
.009255 
2-010 
@ 
.014778 
.006545 
2.258 
.927 
Year 19 56 
Standard error 
t 
Probability 
70 .744444 .518889 
.194533 
2.667 
+ 
1.076667 
.194533 
5. 535 
* 
-.009556 
.005899 
1.620 
b 
-.023333 
.005899 
3.955 
* 
.001778 
.004171 
.426 
d 
.973 
Year 1959 
Standard error 
t 
Probability 
74 .656667 .326667 
.304914 
1.071 
c 
.263778 
.304914 
.865 
d 
-.006711 
.009246 
.726 
d 
-.008756 
.009246 
.947 
d 
.020933 
.006538 
3.202 
# 
.950 
Average function 
Standard error 
t 
Probability 
60 .861111 .822000 
.053092 
15.482 
** 
.520000 
.053092 
9.794 
** 
-.019756 
.001610 
12.271 
#* 
-.013222 
.001610 
8-212 
*# 
.008978 
.001138 
7.889 
** 
.998 
Table 18. Regression coefficients (b^), standard errors, t values and coefficients 
of determination (R2) for corn on Acid Webster soil during specified 
years 
Year 19 54 
Standard error 
t 
Probability 
Year 1955 
Standard error 
t 
Probability 
Year 1956 
Standard error 
t 
Probability 
Year 1957 
Standard error 
t 
Probability 
Year 1958 
Standard error 
t 
Probability 
R* 
64.961111 .660889 
.209509 
3.154 
+ 
.069111 
•209509 
.330 
d 
-.018067 
.006353 
2.844 
+ 
. 000822 
,006353 
.129 
d 
.002889 
.004492 
.643 
d 
.868 
49.402222 .635778 
.623004 
1.020 
c 
.219778 
.623004 
.353 
d 
-.008378 
.018892 
.443 
d 
, 003489 
.018892 
.185 
d 
.009111 
.013359 
.682 
d 
.802 
64.049999 -.302222 
.711057 
.425 
d 
.047778 
.711057 
.067 
d 
.021556 
.021562 
1.000 
c 
.000889 
.021562 
.041 
d 
.000667 
.01.5247 
.044 
d 
.591 
74.033333 1.094444 
.288266 
3.797 
* 
-.185556 
.288266 
.644 
d 
-.023333 
.008741 
2.669 
.001111 
.008741 
.127 
d 
.010222 
.006181 
1.654 
@ 
.954 
74.493889 1.576333 
.479541 
3.287 
* 
-.612556 
.479541 
1-277 
b 
-.025267 
.014542 
1.738 
.006733 
.014542 
.463 
d 
.011889 
.010282 
1.156 
c 
.959 
Table 18. (Continued) 
Year 1959 
Standard error 
t 
Probability 
Year 1960 
Standard error 
t 
Probability 
Average 
Standard error 
t 
Probability 
57.85277? 1.569444 
.327567 
4.791 
* 
.599000 
.510401 
1.174 
o 
.841389 
.253753 
3.316 
* 
66.173333 
64.147500 
.951667 
.327567 
2.905 
+ 
.377000 
.510401 
.739 
d 
.054833 
.253753 
• 216 
d 
-.020074 
.009933 
2-021 
-.005556 
.015477 
.359 
d 
-.011511 
.007695 
1.496 
b 
-.025407 -.011667 
.009933 .007024 
2.558 
.013511 
.015477 
.873 
d 
.004689 
.007695 
.609 
d 
1.661 
.002133 
.010944 
.19 5 
d 
.002744 
.005441 
.504 
d 
.971 
.778 
.958 
Table 19. Regression coefficients (b^), standard errors, t values and coefficients 
of determination (R2) for corn on Calcareous Webster soil during 
specified years 
Year 1954 
Standard error 
t 
Probability 
Year 1955 
Standard error 
t 
Probability 
Year 1956 
Standard error 
t 
Probability 
Year 1957 
Standard error 
t 
Probability 
Year 1958 
Standard error 
t 
Probability 
b0 bi bg b3 b4 b5 R2 
56.558353 
43.683333 
.532778 -.130556 -*011333 
.189593 .189593 .005749 
2.810 .689 1.971 
@ d c 
.543333 .047778 -.008889 
.269856 .269856 .008183 
2-013 .177 1.086 
@ d c 
.004444 .005000 .926 
.005749 .004065 
.773 1.230 
c + 
-.010222 .017556 .959 
.008183 .005786 
1.249 3.034 
c + 
48.236666 -.000889 .848000 .014511 
1.200237 1.200237 .036395 
.000 .706 .399 
d d d 
57.678333 1.296333 -.382556 -.005933 
.470077 .470077 .014255 
2.758 .814 .416 
+ d d 
50.946666 2.086444 .335333 -.029622 
.199081 .199081 .006037 
10.480 1.684 4.907 
.020156 
.036395 
• 553 
d 
•012067 
.014255 
.846 
d 
.006000 
.025740 
.233 
d 
.001000 
.010080 
.099 
d 
-.007400 .011111 
.006037 .004269 
1.226 2.603 
c + 
.394 
.966 
.996 
Table 19. (Continued) 
Year 1959 
Standard error 
t 
Probability 
Year 1960 
Standard error 
t 
Probability 
Average 
Standard error 
t 
Probability 
R2 
34.348333 1.508333 
1.075393 
1.403 
b 
.367222 
1.075393 
.341 
d 
.006000 
.032610 
.184 
d 
.019037 
.032610 
.584 
d 
.000333 
.023059 
.001 
d 
.885 
52.306667 1.204556 
.710510 
1.695 
.376333 
.710510 
.530 
d 
.002267 
.021545 
.105 
d 
.013067 
.021545 
.606 
d 
•011422 
.015235 
.750 
d 
.954 
50.060000 1.024778 
.436512 
2.348 
+ 
.209222 
.436512 
.479 
d 
.006444 
.013237 
.487 
d 
.007644 
.013237 
.577 
d 
.005778 
.009360 
.617 
d 
.956 
Table 20. Regression coefficients (b^), standard errors, t values and coefficients 
of determination (R&) for corn on Seymour soil during specified years 
R< 
Year 1949 
Standard error 
t 
Probability 
Year 1951 
Standard error 
t 
Probability 
Year 1952 
Standard error 
t 
Probability 
Year 1953 
Standard error 
t 
Probability 
Year 1954 
Standard error 
t 
Probability 
Year 1955 
Standard error 
t 
Probability 
71.791667 
67.336667 
91.590000 
50.621667 
.001667 
.549539 
.003 
d 
1.606889 
.503364 
3.192 
* 
,242778 
.549539 
.442 
d 
.162000 
.503364 
.322 
d 
.896667 1.127778 
.055272 .055272 
16.223 20.404 
*» ** 
.440333 
.278191 
1.583 
b 
18.046667 -.658000 
.157076 
4.189 
* 
8.644999 .057444 
.222119 
.259 
d 
.415889 
.278191 
1.495 
b 
-.050222 
.157076 
.320 
d 
.114111 
.222119 
.514 
d 
-.006444 
.016663 
.387 
d 
-.026600 
.015262 
1 • 743 
-.013333 
.001676 
7.955 
** 
-.000956 
.008435 
.113 
d 
.016156 
.004763 
3.392 
* 
-.006600 
.006735 
.980 
c 
.002000 
.016663 
.120 
d 
.007622 
.015262 
.499 
d 
-.016444 
.001676 
9.811 
** 
-.003178 
.008435 
.377 
d 
.004378 
.004763 
.919 
d 
-.006378 
.006735 
.947 
d 
.021000 
.011782 
1.782 
-.004222 
.010792 
.391 
d 
-.007556 
.001185 
6.376 
** 
-.013889 
.005964 
2.329 
@ 
-.004889 
.003368 
1.452 
b 
.001889 
.004762 
.397 
d 
.621 
.921 
.998 
.839 
.944 
.681 
Table 20. (Continued) 
Year 19 56 
Standard error 
t 
Probability 
Year 1957 
Standard error 
t 
Probability 
Year 1958 
Standard error 
t 
Probability 
Year 1959 
Standard error 
t 
Probability 
Year 1960 
Standard error 
t 
Probability 
Average 
Standard error 
t 
Probability 
R2 
57.208333 
77.470000 
94.763334 
109.688333 
88.095000 
.096111 
.308509 
.312 
d 
-.232000 
.349493 
.664 
d 
.417556 
.389782 
1.071 
c 
.600333 
.294021 
2.042 
e 
.996333 
.227318 
4.383 
# 
-.077222 
.308509 
• 250 
d 
-.267556 
.349493 
.765 
d 
-.042444 
.389782 
.109 
d 
.191444 
.294021 
.651 
d 
.655222 
.227318 
2.882 
+ 
.002889 
.009354 
.309 
d 
-.002378 
.010597 
.224 
d 
-.005400 
.011819 
.457 
d 
-.004067 
.008915 
.456 
d 
-.021711 
.006892 
3.150 
+ 
.002889 
.009354 
.309 
d 
.009622 
.010597 
.908 
d 
.005267 
.011819 
.446 
d 
.006600 
.008915 
.740 
d 
-.013933 
.006892 
2.021 
@ 
-.005000 
.006614 
.756 
d 
.003333 
.007493 
.445 
d 
-.010444 
.008357 
1-250 
b 
-.006333 
.006304 
1.005 
o 
-.002333 
.004874 
.479 
d 
.515 
.756 
.505 
.932 
.946 
66.830333 .383622 
.014656 
26.330 
** 
.150111 
.041656 
10.106 
** 
-.006213 
.000444 
14.164 
** 
-.000133 
.000444 
.300 
d 
-.002556 
.000314 
8.140 
** 
.997 
Table 21. Regression coefficients (b^), standard errors, t values and coefficients 
of determination (R%) for oats on Clyde soil during specified years 
bo bl b2 b3 b4 b5 R
2 
Year 1948 47 .895000 .156833 .104056 -.001517 .001794 .000250 .436 
Standard error • 210489 .210489 .003191 .003191 .002257 
t .745 .494 .475 .562 .111 
Probability d d d d 
Year 1951 54 .528333 .278500 .181833 -.002572 — .002461 .000917 .902 
Standard error •127563 .127563 .001934 .001934 .001368 
t 2-183 1.425 1.330 1 .272 .670 
Probability @ b b b d 
Year 1954 22 .553333 .334333 .276556 -.003350 — .004017 .002278 .980 
Standard error .078871 .078871 .001196 .001196 .000846 
t 4.239 3.506 2-801 3 .359 2.693 
Probability * * + * + 
Year 19 57 47 .270000 .618778 .201556 -.007739 .003794 .002111 .990 
Standard error .060356 .060356 .000915 .000915 .000647 
t 10.252 3.339 8.458 4 .146 3.263 
Probability ** * ** * * 
Year 1960 49 .872500 .347583 .279917 —.003183 .002772 .000103 .701 
Standard error .302665 .302665 .004589 .004589 .003245 
t 1.148 .925 .694 .604 .032 
Probability c d d d d 
Average 44 .337500 .347194 .209083 -.003672 — .002972 .001131 • 959 
Standard error .008364 .088364 .001340 .001340 .000947 
t 3.929 2.366 2.740 2 .218 1.194 
Probability * + + @ c 
Table 22• Regression coefficients (b^), standard errors, t values and coefficients 
of determination (R2) for oats on Cresco soil during specified years 
Year 1945 
Standard error 
t 
Probability 
Year 1948 
Standard error 
t 
Probability 
Year 1951 
Standard error 
t 
Probability 
Year 1954 
Standard error 
t 
Probability 
Year 195? 
Standard error 
t 
Probability 
b4 
38.966334 .563900 
.122844 
4.590 
# 
.033344 
.122844 
.271 
d 
-.005982 
.001863 
3.211 
* 
-.000148 
.001863 
.079 
d 
-.000778 
.001317 
.591 
d 
.934 
54.824667 .344178 
.094181 
3.654 
* 
-.236378 
.094181 
2.510 
+ 
-.003426 
.001428 
2.399 
+ 
.002963 
.001428 
2.075 
.001917 
.001010 
1.898 
© 
.962 
39.158000 .383067 
.110006 
3.482 
* 
.112511 
.110006 
1.023 
c 
-.002315 
.001668 
1.388 
b 
.001185 
.001668 
.710 
d 
-.000750 
.001179 
.636 
d 
.969 
26.216333 .571122 
.066158 
8.633 
** 
-.004989 
.066158 
.075 
d 
-.005537 
.001003 
5.204 
* 
.000518 
.001003 
.516 
d 
.000722 
.000709 
1.018 
c 
.989 
45.233000 .613344 
.094038 
6.522 
** 
.033900 
.094038 
.360 
d 
-.005371 
.001426 
3.766 
* 
.001204 
.001426 
.844 
d 
.000111 
.001008 
.110 
d 
.981 
Table 22» (Continued) 
bo bl b2 b3 b4 b5 R
2 
Year 1960 
Standard error 
t 
Probability 
35 .484166 .636250 
.227932 
2.791 
+ 
.141972 
.227932 
.623 
d 
-.009083 
.003456 
2.628 
+ 
-.002289 
.003456 
.662 
d 
.001297 
.002444 
.531 
d 
.811 
Average 
Standard error 
t 
Probability 
39 .967500 .518917 
.061024 
8.503 
** 
.013694 
.061024 
.224 
d 
-.005289 
.000925 
5.718 
* 
.000167 
.000925 
.180 
d 
.000419 
.000654 
.641 
d 
.986 
Table 23. Regression coefficients (b^), standard errors, t values and coefficients 
of determination (R2) for oats on Acid Webster soil during specified 
years 
Year 1955 
Standard error 
t 
Probability 
Year 1956 
Standard error 
t 
Probability 
Year 1957 
Standard error 
t 
Probability 
Year 1958 
Standard error 
t 
Probability 
Year 1959 
Standard error 
t 
Probability 
37.616667 
30.603333 
35.570001 
61.499666 
62.733334 
1.469444 
.179954 
8.166 
** 
1.387667 
.373515 
3.715 
* 
.000444 
.120935 
.004 
d 
1.237789 
.299594 
4.132 
* 
1.076111 
.443239 
2.428 
+ 
.203889 
.179954 
1.133 
c 
-.141778 
.373515 
.380 
d 
-.112889 
.120935 
.933 
d 
-.169433 
.299 594 
. 566 
d 
-1.228889 
.443239 
2.772 
+ 
-.015111 
.002728 
5.539 
* 
-.014739 
.005663 
2.603 
+ 
.001761 
.001834 
.960 
d 
-.009371 
.004542 
2.063 
@ 
-.008056 
.006720 
1.199 
c 
-.002889 
.002728 
1.059 
c 
.001872 
.005663 
.330 
d 
.004650 
.001834 
2.535 
+ 
.001241 
.004542 
.273 
d 
.016889 
.006720 
2.513 
+ 
-.000167 .983 
.001929 
.086 
d 
-.001332 .907 
.004004 
.333 
d 
-.004667 .881 
.001297 
3.598 
# 
.000222 .964 
.003212 
.069 
d 
.006444 .948 
.004752 
1.356 
b 
Table 23. (Continued) 
bo bl b2 b3 b4 b5 R
2 
Year 1960 43.429167 .617361 -.380139 -.000778 .007528 -.004153 .905 
Standard error .342750 .342750 .005197 .005197 .003675 
t 1.801 1.109 .150 1.448 1.130 
Probability @ c d b c 
Average 45.246667 .964611 -.304889 -.007711 .004883 -.000611 .984 
Standard error .144500 .144500 .002191 .002191 .001549 
t 6.676 2.110 3.519 2.229 .394 
Probability ** @ * @ d 
Table 24. Regression coefficients (b^), standard errors, t values and coefficients 
of determination (R2) for oats on Calcareous Webster soil during 
specified years 
Year 1955 
Standard error 
t 
Probability 
Year 1956 
Standard error 
t 
Probability 
Year 1957 
Standard error 
t 
Probability 
Year 1958 
Standard error 
t 
Probability 
Year 1959 
Standard error 
t 
Probability 
31.750000 
20.458333 
23.911667 
46.783000 
30.980556 
1.433333 
.355378 
4.033 
* 
1.239722 
.283160 
4.378 
* 
.600167 
.118354 
5.071 
* 
1.343900 
.212035 
6.338 
** 
1.454167 
.354335 
4.104 
# 
.247222 -.008944 
.355378 .005388 
.696 1.660 
d © 
.361944 
.283160 
1.278 
b 
.144611 
.118354 
1.222 
c 
.006678 
.212035 
.031 
d 
-.154722 
.354335 
.437 
d 
-.011389 
.004293 
2.653 
+ 
-.005794 
.001794 
3.230 
* 
-.010593 
.003215 
3.295 
* 
-.002315 
.005372 
.431 
d 
.000333 
.005388 
.062 
d 
-.004278 
.004293 
.996 
c 
-.001128 
.001794 
.629 
d 
-.000759 
.003215 
.236 
d 
.005574 
.005372 
1.038 
c 
-.004833 .959 
.003810 
1.268 
b 
-.004639 .933 
.003036 
1.528 
b 
-.002917 .937 
.001269 
2.299 
.002278 
.002273 
1.002 
c 
-.008861 
.003799 
2.332 
.986 
,978 
Table 24. (Continued) 
Year 1960 
Standard error 
t 
Probability 
Average 
Standard error 
t 
Probability 
31.956943 1.147083 
.100903 
11.368 
#* 
30.976667 1.203500 
.131746 
9.135 
#* 
.097083 -.007046 
.100903 .001530 
.962 4.605 
d * 
.084611 -.007689 
.131746 .001998 
.642 3.848 
d * 
.003926 
.001530 
2.566 
+ 
-.001708 
.001082 
1.578 
b 
.000611 -.003444 
.001998 .001412 
.306 2-439 
a + 
.996 
.992 
Table 25. Regression coefficients (b^), standard errors, t values and coefficients 
of determination (R2) for oats on Seymour soil during specified years 
Year 1949 
Standard error 
t 
Probability 
Year 1950 
Standard error 
t 
Probability 
Year 1951 
Standard error 
t 
Probability 
Year 1952 
Standard error 
t 
Probability 
Year 1953 
Standard error 
t 
Probability 
Year 1954 
Standard error 
t 
Probability 
R' 
25.236334 
19.171667 
.358444 
.161975 
2.213 
© 
.016278 
.175442 
.093 
d 
19.036667 -
35.600000 
20.975001 
55.583334 
028222 
169705 
166 
d 
.450000 
.156869 
2.869 
+ 
.390278 
.158433 
2.463 
.111667 
.215869 
.517 
d 
.026233 
.161975 
.161 
d 
-.209833 
.175442 
1.196 
-.232667 
.169705 
1.371 
b 
.034444 
.156869 
• 220 
d 
.011944 
.158433 
.075 
d 
-.210556 
.215869 
.975 
d 
-.003817 
.002456 
1.554 
b 
.000094 
.002660 
.035 
d 
.001628 
.002573 
.633 
d 
-.003778 
.002378 
1.589 
b 
-.004944 
.002402 
2.058 
-.001778 
.003273 
.543 
d 
-.001039 
.002456 
.423 
d 
.003372 
.002660 
1.268 
b 
.004628 
.002573 
1.799 
.000111 
.002378 
.047 
d 
-.001667 
.002402 
.694 
d 
.002667 
.003273 
.815 
d 
.000056 
.001736 
.032 
d 
.000806 
.001881 
.428 
d 
.000722 
.001819 
.397 
d 
.000556 
.001682 
.330 
d 
.000750 
.001698 
.442 
d 
.000611 
.002314 
.264 
d 
.805 
.494 
.635 
.903 
.835 
.336 
Table 25. (Continued) 
bo bl b2 b3 b4 b5 R2 
Year 1955 
Standard error 
t 
Probability 
92 .846667 1.212111 
.237177 
5.110 
* 
-.009556 
.237177 
.040 
d 
-.014739 
.003596 
4.099 
* 
-.001350 
.003596 
.375 
d 
.001556 
.002543 
.612 
d 
.947 
Year 1956 
Standard error 
t 
Probability 
13 .336667 .299000 
.060055 
4.979 
# 
.021778 
.060055 
.362 
d 
-.003206 
.000910 
3.523 
* 
.000517 
.000910 
.568 
d 
-.000944 
.000644 
1.466 
b 
.933 
Year 1957 
Standard error 
t 
Probability 
50 .299999 .238889 
.144308 
1.655 
@ 
-.111111 
.144308 
.770 
d 
-.000222 
.002188 
• .146 
d 
.001667 
.002188 
.762 
a 
-.001778 
.001547 
1.149 
c 
.894 
Year 1958 
Standard error 
t 
Probability 
76 .355000 .545167 
.366419 
1.488 
b 
.051278 
; 3 66419 
.140 
d 
-.004850 
.005555' 
.873 
d 
-.000461 
.005555 
.083 
d 
.003528 
.003928 
.898 
d 
.853 
Year 1960 
Standard error 
t 
Probability 
38 .883334 .142778 
.213939 
.667 
d 
.072778 
.213939 
.340 
d 
.001000 
.003243 
.308 
d 
-.000444 
.003243 
.137 
d 
-.001722 
.002293 
.751 
d 
.725 
Average 
Standard error 
t 
Probability 
40 .695167 .336267 
.050948 
6.600 
## 
-.049833 
.050948 
.978 
0 
-.003091 
.000772 
4.004 
# 
.000706 
.000772 
.914 
d 
.000139 
.000546 
.254 
d 
.980 
Table 26. Regression coefficients (bO, standard errors, t values and coefficients 
of determination (R^) for nay on Clyde soil during specified years 
%o bl b2 b3 b4 b5 R
2 
Year 1949 
Standard error 
t 
Probability 
1.953334 -.002148 
.006138 
.350 
d 
.002518 
.006138 
.410 
d 
.000020 
.000062 
.318 
d 
-.000035 
.000062 
.557 
d 
.000089 
.000044 
2.026 
+ 
.824 
Year 1952 
Standard error 
t 
Probability 
2.728366 .024221 
.010078 
2.403 
+ 
.010962 
.010078 
1.088 
c 
-.000169 
.000102 
1.656 
@ 
-.000075 
.000102 
.735 
d 
.000067 
.000072 
.926 
d 
.915 
Year 1955 
Standard error 
t 
Probability 
1.639167 .009537 
.003455 
2.760 
+ 
.006907 
.003455 
1.999 
@ 
-.000116 
.000035 
3.323 
# 
-.000010 
.000035 
.283 
d 
.000036 
.000025 
1.450 
b 
.966 
Year 1958 
Standard error 
t 
Probability 
2.318367 .019740 
.006336 
3.116 
+ 
.006814 
.006336 
1.075 
c 
-.000132 
.000064 
2.056 
@ 
-.000055 
.000064 
.861 
d 
.000067 
.000045 
1.472 
b 
.951 
Average 
Standard error 
t 
Probability 
2.157467 .013019 
.003779 
3.445 
* 
.006834 
.003779 
1.808 
@ 
-.000100 
.000038 
2.623 
+ 
-.000044 
.000038 
1.142 
c 
.000063 
.000027 
2.331 
@ 
.969 
Table 27. Regression coefficients (b<), standard errors, t values and coefficients, 
of determination (R2) for nay on Cresco soil during specified years 
bo bl b2 b3 b4 b5 R
2 
Year 1946 
Standard error 
t 
Probability 
1. 164133 .013575 
.003596 
3.775 
* 
-.001907 
.003596 
.530 
d 
-.000039 
.000036 
1.065 
c 
.000030 
.000036 
• 838 
d 
-.000011 
.000026 
.432 
d 
• 972 
Year 1949 
Standard error 
t 
Probability 
1 .181666 .028815 
.002539 
11.350 
#* 
-.001074 
.002539 
.423 
d 
-.000185 
.000026 
7.217 
#* 
.000054 
.000026 
2.117 
@ 
-.000017 
.000018 
.952 
a 
.992 
Year 1952 
Standard error 
t 
Probability 
2 .915867 .011092 
.003084 
3.597 
* 
.014314 
.003084 
4.642 
« 
-.000055 
.000031 
1.769 
@ 
-.000122 
.000031 
3.908 
* 
.000006 
.000022 
.280 
a 
.971 
Year 1955 
Standard error 
t 
Probability 
2 .015799 .026575 
.008720 
3.048 
+ 
.000575 
.008720 
.066 
d 
-.000167 
.000088 
1.895 
@ 
.000065 
.000088 
.738 
d 
-.000009 
.000062 
.139 
a 
.921 
Year 1958 
Standard error 
t 
Probability 
2 .449133 .027353 
.005326 
5.138 
* 
.006052 
.005326 
1.136 
c 
-.000174 
.000054 
3.241 
* 
-.000048 
.000054 
.902 
d 
.000026 
.000038 
.681 
a 
.971 
Average 
Standard error 
t 
Probability 
1 .947566 .021350 
.002300 
9.266 
** 
.003573 
.002300 
1.553 
b 
-.000123 
.000023 
5.275 
** 
-.000004 
.000023 
.176 
d 
-.000001 
.000016 
.075 
a 
.991 
Table 28. Regression coefficients (b,), standard errors, t values and coefficients 
of determination (R2) for nay on Acid Webster soil during specified 
years 
Year 1956 
Standard error 
t 
Probability 
1.291633 .007964 
.009177 
.868 
d 
-.001555 
.009177 
.169 
d 
.000062 
.000093 
.674 
d 
.000035 
.000093 
.381 
d 
.000012 
.000066 
.188 
d 
.923 
Year 1957 
Standard error 
t 
Probability 
1.351700 .035740 
.007516 
4.755 
» 
-.020556 
.007516 
2-734 
+ 
-.000255 
.000076 
3.358 
* 
1 
.000139 
.000076 
.834 
@ 
.000136 
.000054 
2.527 
+ 
.974 
Year 1958 
Standard error 
t 
Probability 
1.389166 .008500 
.001632 
5.208 
ft 
.006203 
.001632 
3.801 
* 
.000037 
.000016 
2.245 
@ 
4 
.000076 
.000016 
.640 
* 
-.000004 
.000012 
.317 
d 
.996 
Year 1959 
-Standard error 
t 
Probability 
.715834 .021056 
.009217 
2-284 
Q 
.000426 
.009217 
.046 
d 
-.000040 
.000093 
.424 
d 
.000002 
.000093 
.026 
d 
.000011 
.000066 
.169 
d 
.949 
Year 1960 
Standard error 
t 
Probability 
.497083 .092343 
.004788 
19.287 
** 
-.008768 
.004788 
1.831 
@ 
-.000564 
.000048 
11.659 
** 
1 
.000088 
.000048 
.811 
@ 
.000056 
.000034 
1.641 
@ 
.998 
Average 
Standard error 
t 
Probability 
1.048167 .033152 
.004244 
7.812 
## 
-.004818 
.004244 
1.135 
c 
-.000152 
.000043 
3.546 
# 
.000036 
.000043 
.852 
d 
.000042 
.000030 
1.392 
b 
.992 
Table 29. Regression coefficients (b^), standard errors, t values and coefficients 
of determination (R2) for hay on Calcareous Webster soil during 
specified years 
bo bl b2 b3 b4 b5 R
2 
Year 1956 
Standard error 
t 
Probability 
.978333 .008815 
.009292 
.949 
d 
.012333 
.009292 
1.327 
b 
1 
.000121 
.000094 
.288 
b 
-.000114 
.000094 
1.209 
c 
.000007 
.000066 
.112 
d 
.960 
Year 1957 
Standard error 
t 
Probability 
.664200 . 033240 
.006270 
5.302 
# 
-.002501 
.006270 
.399 
d 
1 
.000082 
.000063 
.299 
b 
.000029 
.000063 
.455 
d 
-.000056 
.000045 
1.240 
c 
.986 
Year 1958 
Standard error 
t 
Probability 
.180033 .023666 
.010135 
2.335 
@ 
.005444 
.010135 
.537 
d 
.000009 
.000102 
.088 
d 
-.000055 
.000102 
.538 
d 
-.000025 
.000072 
.341 
d 
.963 
Year 1959 
Standard error 
t 
Probability 
.986943 .026389 
.003053 
8.642 
** 
.000685 
.003053 
.224 
d 
1 
.000038 
.000031 
.227 
c 
-.000033 
.000031 
1.067 
c 
.000065 
.000022 
2.998 
+ 
.997 
Year 1960 
Standard error 
t 
Probability 
.107694 .065020 
.001632 
39.838 
## 
.006002 
.001632 
3.677 
* 
15 
.000264 
.000016 
.978 
** 
-.000048 
.000016 
2.887 
+ 
.000023 
.000012 
1.957 
@ 
.999 
Average 
Standard error 
t 
Probability 
.583833 .031404 
.003243 
9.682 
** 
.004404 
.003243 
1.358 
b 
1 
.000051 
.000033 
.544 
b 
-.000044 
.000033 
1.348 
b 
.000003 
.000023 
.138 
d 
.997 
Table 30. Regression coefficients ( b^), standard errors, t values and coefficients 
of determination (R2) for hay pn Seymour soil during specified years 
Year 1950 
Standard error 
t 
Probability 
Year 1951 
Standard error 
t 
Probability 
Year 1953 
Standard error 
t 
Probability 
Year 1954 
Standard error 
t 
Probabill ty 
Year 1955 
Standard error 
t 
Probability 
Year 1956 
Standard error 
t 
Probability 
2.035833 
2.20166? 
2.392500 
1.819999 
2.060833 
.928333 
.001722 
.004657 
.370 
d 
.001037 
.010248 
.101 
d 
.013167 
.006247 
2.107 
@ 
.010370 
. .002391 
4.337 
* 
.019648 
.010057 
1.954 
@ 
.003444 
.003156 
1.091 
c 
.001130 
.004657 
.242 
d 
.006259 
.010248 
.610 
d 
.001389 
.006247 
.222 
d 
.001407 
.002391 
.589 
d 
.001944 
.010057 
.193 
d 
.000037 
.003156 
.012 
d 
.000022 
.000047 
.473 
d 
.000030 
.000104 
.284 
d 
-.000084 
.000063 
1.332 
b 
-.000057 
.000024 
2.366 
-.000114 
.000102 
1.114 
c 
.000002 
.000032 
.077 
d 
.000005 
.000047 
.105 
d 
.000037 
.000104 
.356 
d 
.000005 
.000063 
.784 
d 
.000052 
.000024 
2-160 
.000049 
.000102 
.484 
d 
.000002 
.000032 
.077 
d 
.000070 
.000033 
2.132 
@ 
.000052 
.000073 
.710 
d 
-.000033 
.000045 
.741 
d 
-.000020 
.000017 
1.162 
c 
-.000090 
.000072 
1.252 
b 
-.000002 
.000023 
.107 
d 
.931 
,659 
.742 
.961 
.727 
.860 
Table 30. (Continued) 
Year 1957 
Standard error 
t 
Probability 
Year 1958 
Standard error 
t 
Probability 
Year 1959 
Standard error 
t 
Probability 
Year 1960 
Standard error 
t 
Probability 
Average 
Standard error 
t 
Probability 
1.932501 
3.065000 
3•263333 
2.890833 
2.251667 
.007907 
.007087 
1.116 
c 
.010741 
.006604 
1.626 
b 
.009333 
.002476 
3.770 
* 
.025944 
.004874 
5.323 
* 
.010518 
.001036 
10.149 
** 
.001907 
.007087 
.269 
d 
.001444 
.006604 
.219 
d 
.000444 
.002476 
.179 
d 
.003352 
.004874 
.688 
d 
-.000630 
.001036 
.608 
d 
-.000042 
.000072 
.583 
d 
-.000089 
.000067 
1.327 
b 
-.000062 
.000025 
2.469 
+ 
-.000178 
.000049 
3.628 
* 
- .000059 
.000010 
5.654 
* 
.000002 
.000072 
.034 
d 
.000047 
.000067 
.700 
d 
.000007 
.000025 
.296 
d 
.000032 
.000049 
.655 
d 
.000022 
.000010 
2.210 
,000016 .762 
.000051 
,315 
d 
.000032 .564 
.000047 
.683 
d 
.000010 .948 
.000018 
.549 
d 
.000009 .963 
.000035 
.247 
d 
.000002 
.000007 
.333 
d 
.993 
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functions, although in several cases the estimated regression 
coefficients were statistically nonsignificant at the 5 per 
cent level of probability as Indicated by the respective t-
tests. Some terms should be eliminated from several of the 
production functions, even if the criterion were followed 
that an estimated coefficient be dropped only If its standard 
error Is larger than the coefficient Itself. However, the 
decision was made to keep the complete quadratic equations on 
the basis of the theoretical considerations discussed in 
Chapter III and for reasons of consistency. 
B. Selection and Discussion of the Production Functions 
In general, the quadratic equation fitted the data well 
p 
as indicated by the high R values. However, in several cases 
the predicted surfaces were not convex due to the presence of 
positive squared terms. The K^O input was irrelevant for 
several of the experiments. Therefore, the regression coeffi­
cients for the K terms were unstable, sometimes giving a con­
cave curvature to the production surface, but with a negative 
linear effect for KgO. 
Consequently, functions had to be selected that had the 
appropriate characteristics for the purposes of the present 
study. Two considerations were relevant in this respect: 
first, one of a theoretical nature that required the functions 
to have negative coefficients for the squared terms; and 
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second, that the interest of the present analysis was in two-
input relationships. Therefore, estimation of substitution 
relationships and the subsequent economic analysis of optimum 
input combinations and output levels are performed for those 
sets of functions where both PgOg and KgO showed a response 
and for which the surfaces, as described by the signs of the 
regression coefficients, had the proper shape. 
The experimental data from the Howard County Farm pro­
vided the desired characteristics and thus the analysis draws 
mainly on these data. The production functions for corn on 
Cresco and Clyde soils, those for oats on Clyde soil, and some 
of the production functions for hay on Cresco and Clyde soils 
were selected for the derivation of technical and economic 
relationships. Some functions had to be discarded because of 
inconsistencies related to the mathematical derivation of 
such relationships. A brief discussion of the production 
functions selected for each crop follows. 
1. Corn 
The production functions for corn were consistent with 
theory and previous technical knowledge and acceptable statis-
2 
tlcally. The R values were between .899 and .998; F-tests 
of the overall regressions were all significant at a level of 
5 per cent or lower. However, the statistical significance 
of the partial regression coefficients was generally low, 
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except for the average production functions. The low levels 
of significance were due mainly to the few degrees of freedom 
available for statistical tests. 
The regression coefficients differed considerably from 
year to year within each soil, possibly as the result of 
weather variation, the growth of the meadow the previous year 
and experimental errors. Interpretation of the individual 
coefficients of the production functions is not readily made; 
the nature of the response is better understood from the 
graphic analysis of the next section. 
Of the production functions for corn, those for Cresco 
soil in 1947 and 1959 could not be used for all subsequent 
computations because they would yield maximum outputs at nega­
tive KgO inputs. The irrationality of the solution was due 
to the small size of the coefficient for K2 and the large 
positive linear interaction of P and K. That is, the range 
of experimental fertilizer application was not sufficient to 
reach the maximum yield and extrapolation could not be per­
formed successfully. 
2- Oats 
2 
The R values for the oats response functions on Clyde 
soil were between .902 and .990, except for the years 1948 
and 1960 that had R2's of .436 and .701, respectively. In 
1948 the overall response was nonsignificant and in 1960 there 
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2 2 
was a strong P K Interaction that reduced the goodness of 
fit of the quadratic equation (3.1). For some years none of 
the partial regression coefficients were statistically sig­
nificant; for others, like 1957, all the terms were signifi­
cant at the 5 or 1 per cent level of probability. The magni­
tude of the regression coefficients for the oats equations 
varied over the years. The variability of the coefficients 
should be explained as in the case of corn. 
The shape of the oats response surfaces was in accordance 
with theory, as the signs of the regression coefficients indi­
cate. Therefore, all the production functions for oats on 
Clyde soil were used to derive the technical and economic 
relationships presented subsequently. 
3. Me adow 
The estimated functions for hay were unstable, possibly 
due to the fact that the response was to residual fertilizer. 
The availability of nutrients may have been affected by the 
growth of the oats the previous year. Also, since the meadow 
was a mixture of grasses some may have germinated better or 
predominated in some years producing differential responses 
to the applied nutrients. As a result, the shape of the 
production surfaces depicted by the signs of the regression 
coefficients was not convex In all cases. In spite of the 
R2's being fairly high between .915 and .992 for all the 
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experiments except one, the hay production functions were not 
well suited for the mathematical derivation of economic quan­
tities. Only the functions for hay on Clyde and Cresco soils 
in 1952 and 1958 were used for the subsequent computations. 
The check-plot yields were highest on both soils during the 
years 1952 and 1958, which seems to indicate that the weather 
may have been also a concomitant variable of importance 
affecting the meadow response to fertilizer. 
For the purpose of generalization of the production func­
tions presented in Chapter V all the data for each crop were 
used. The reasons for and the logic of such a procedure are 
discussed in the next chapter. 
C. Nature of the Production Surfaces 
Yields for several levels of P%0$ and KgO predicted from 
the production functions are presented in Tables 31 through 
35. For corn and hay an extrapolation of applied nutrients 
beyond the range of observations was performed In order to 
•«r 
show the points of maximum yields. The quantities shown in 
Tables 31 through 35 were used to construct the production 
surfaces of Figures 1 through 4. Production surfaces corre­
sponding to the same soil were placed together for purposes 
of comparison. The relative height of the surfaces shows the 
effect of weather on yields. The slope of the surfaces along 
different lines shows the nature of the response to phosphate 
Table 31. Predicted yields of corn (bu./acre) for various 
P2O5 and KgO levels (lbs./acre) on Clyde soil 
during specified years 
Year 
ICgO 
(lbs./a.) 
P2O5 (lbs./a.) 
0 10 20 30 40 
1950 0 24.2 27.4 28.4 27.2 23.9 
10 35.9 40.2 42-2 42.1 39.8 
20 42.2 47.5 50.6 51.5 50.3 
30 43.0 49.4 53.5 55.5 55.3 
40 38.4 45.8 51.0 54.0 54.8 
1953 0 38.7 40.2 36.8 28.4 15.0 
10 51.2 55.3 54.4 48.5 37.6 
20 57.4 64.0 65.6 62.2 53.9 
30 57.2 66.4 70.5 69.7 63.9 
40 50.7 62.4 69.1 70.8 67.5 
1956 0 44.2 44.7 43.7 41.1 36.9 
10 66.7 68.6 69.0 67.7 64.9 
20 78.0 81.3 83.0 83.1 81.6 
30 78.0 82.7 8.5.7 87-2 87.0 
40 66.8 72.8 77.2 80.0 81.2 
1959 0 56.9 55.7 51.0 43.0 31.7 
10 70.5 72.1 70.4 65.2 56.7 
20 77.0 81.4 82.6 80.3 74.7 
30 76.3 83.7 87.7 88.3 85.5 
40 68.6 78.8 85.7 89.2 89.3 
Average 0 41.0 42.0 40.0 34.9 26.8 
10 56.1 59.0 59.0 55.9 49.8 
20 63.6 68.6 70.4 69.3 65.1 
30 63.6 70.5 74.4 75.2 72.9 
40 56.1 64.9 70.7 73.5 73.2 
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Table 32• Predicted yields of corn (bu./acre) for various 
PgOg and KgO levels (les./acre) on Cresco soil 
during specified years 
Year 
KgO 
(lbs ./e.) 
(les./ a • ) 
0 10 20 30 40 
1947 0 61.0 66.3 68.0 65.1 60.7 
10 68.0 73.9 76 . £ 74.9 70.0 
20 74.8 81.4 84.3 83.6 79.3 
30 81.6 83.7 92.2 92.2 88.5 
40 89.3 96.0 100.1 100.6 97.6 
1950 0 47.4 61.0 67.0 65.3 55.9 
10 51.7 65.5 71.6 70.0 6,.8 
20 53.0 Sc.9 73.2 71.7 62.7 
50 51.4 65.4 71.8 70.5 61.5 
40 46.7 6C.9 67.4 66.L 57.4 
195-3 0 50.7 56.2 56.4 51.4 41.1 
10 55.0 61.9 63 • 6 60.0 51.3 
20 55. 5 63.9 67.0 65.0 57.7 
30 52 -3 6k.1 6:.8 66.2 60.4 
40 45.3 56.7 62 • 8 63.7 59.4 
1956 0 70.7 75.0 77.3 77.7 76.2 
10 79.2 83.6 86.1 86.7 85.4 
20 82.9 87.5 90.2 91.0 89.8 
30 82.0 86.8 89.7 90.6 89.6 
40 76.5 81.4 84.4 95.6 84.8 
1959 0 74 .7 77.3 78.5 7::.4 77.0 
10 76.4 81.1 84.4 86.4 87.1 
20 76.4 83.L f:8.6 ^ . 7  95.5 
30 74.6 83.6 51.1 97.3 102.1 
40 71. i.. 62.2 SI.8 100.1 107.0 
Average 0 60.9 67.1 69.4 67.7 62-1 
10 64.7 71.9 75.1 74 .3 69.6 
20 66.0 74.0 78.1 78.2 74.4 
30 54 .6 73.5 78.5 79.5 76.6 
40 60.5 70.3 76.2 78.^ 76.1 
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Table 33. Predicted yields of oats (bu./acre) for various 
P2O5 and KgO levels (lbs./acre) on Clyde soil 
during specified years 
Year 
K20 
(lbs./a.) 
P2°5 (lbs./a • ) 
0 15 30 45 60 
1948 0 47.9 49.9 51.2 51.9 51.8 
15 49.0 51.1 52.5 53.2 53.2 
30 49.4 51.5 53.0 53.7 53.8 
45 48.9 51.1 52.6 53.4 53.6 
60 47.7 49.9 51.5 52.3 52.5 
1951 0 54.5 58.1 60.6 61.8 62.0 
15 56.7 60.5 63.2 64.6 65.0 
30 57.8 61.8 64.6 66.3 66.9 
45 57.7 61.9 65.0 66.9 67.6 
60 56.6 61.0 64.3 66.4 67.3 
1954 0 22.6 26.8 29.6 30.8 30.6 
15 25.8 30.6 33.8 35.6 35.8 
30 27.2 32.5 36.3 38.6 39.3 
45 26.9 32.7 37.0 39.7 41.0 
60 24.7 31.0 35.8 39.1 40.9 
1957 0 47.3 54.8 58.9 59.4 56.5 
15 49.4 57.4 62.0 63.0 60.6 
30 49.9 58.4 63.4 64.9 63.0 
45 48.7 57.6 63.1 65.1 63.6 
60 45.7 55.1 61.1 63.6 62.6 
1960 0 49.9 54.4 57.4 59.1 59.3 
15 53.4 58.0 61.0 62.7 62.9 
30 55.8 60.3 63.4 65.1 65.4 
45 56.8 61.4 64.6 66.3 66.3 
60 56.7 61.3 64.4 66.2 66.4 
Average 0 44.3 48.7 51.4 52.5 51.9 
15 46.8 51.4 54.4 55.8 55.4 
30 47.9 52.8 56.1 57.6 57.6 
45 47.7 52.9 56.4 58.2 58.4 
60 46.2 51.6 55.3 57.4 57.9 
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Table 34. Predicted yields of hay (tons/acre) for various 
P2O5 and KgO levels (lbs./acre) on Clyde soil 
during specified years 
Year 
K20 
(lbs./a.) 
P2°5 (lbs./a.) 
0 30 60 90 120 
1952 0 2-73 3.30 3.57 3.54 3.20 
30 2.99 3.62 3.96 3.98 3.70 
60 3.12 3.81 4.20 4.29 4.07 
90 3.11 3.86 4.31 4.46 4.30 
120 2.96 3.78 4.29 4.50 4.40 
1958 0 2.32 2.79 3.03 3.03 2.79 
30 2.47 3.01 3.30 3.36 3.18 
60 2.53 3-12 3.48 3.60 3.48 
90 2.48 3.14 3.56 3.74 3.68 
120 2.34 3.06 3.53 3.77 3.77 
Average 0 2.16 2-46 2. 58 2-52 2.27 
30 2.32 2.68 2.85 2.85 2.67 
60 2.41 2.82 3.06 3.11 2.98 
90 2.42 2.89 3.18 3.29 3.22 
120 2.35 2-88 3.22 3.39 3.37 
and potash and the nature of the fertilizer nutrient inter­
actions during different years. 
1. Corn 
Figure 1 corresponds to the estimated corn yields on 
Clyde soil during several years. Maximum yields are predicted 
at P2Û5 and KgO combinations between 26 pounds and 37 pounds 
of either fertilizer nutrient. Since the limit of observa­
tions was 30 pounds, the estimated yields and input quantities 
must be accepted with caution, although since similar rates 
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Table 35. Predicted yields of hay (tons/acre) for various 
PgO$ and KgO levels (lbs./acre) on Cresco soil 
during specified years 
Year 
KgO 
(lbs./a.) 
p2°5 (lbs./a .) 
0 30 60 90 120 
1952 0 2.92 3.20 3.38 3.47 3.45 
30 3.24 3.52 3.71 3.80 3.79 
60 3.34 3.63 3.82 3.92 3.92 
90 3.22 3.52 3.72 3.82 3.82 
120 2.88 3.18 3.39 3.50 3.50 
1958 0 2.45 3.11 3.46 3.50 3.22 
20 2.59 3.27 3.64 3.70 3.45 
60 2.64 3.35 3.74 3.82 3.59 
90 2.60 3.33 3.75 3.86 3.65 
120 2.48 3.23 3.68 3.80 3.62 
Average 0 1.95 2.48 2.79 2.88 2.75 
30 2.05 2.58 2.89 2.98 2.85 
60 2.15 2.68 2.98 3.07 2.94 
90 2.24 2.76 3.07 3.16 3.02 
120 2.32 2.84 3.15 3.24 3.10 
were predicted by all the functions, the estimates are more 
reliable. 
Potash had the strongest effect on yields, as shown by 
the sharp rise of the production surface along the direction 
of the KgO axis. Response to KgO was smaller when no PgOg 
was applied: the ridge of the surface along the line of zero 
PgOs input reaches a maximum between 20 and 30 pounds of KgO 
and then bends down; along the line of 40 pounds of PgO§ the 
ridge of the surface is steep and only falls past the 30 or 
40 pounds KgO application. The different response indicates 
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the presence of a positive interaction between the two nutri­
ents. Yields tended to decline with applications of PgOg when 
KgO was at the zero level. However, due to the interaction, 
PgOg had a mild positive effect on yields when applied in 
combination with higher rates of KgO. 
Production surfaces for corn on Cresco soil are presented 
in Figure 2. Maximum yields are predicted at PgOg and KgO 
applications between 20 and 29 pounds of each nutrient, except 
for the years 1947 and 1959, for which the production func­
tions do not allow estimation of a logical maximum. Both 
PgO$ and KgO had little effect on yields if applied in the 
absence of each other; the response to either nutrient was 
stronger when they were applied simultaneously — indicating 
again a PgOg and KgO interaction. This interaction was par­
ticularly strong during the years 1947 and 1959. 
In general, the corn response to phosphate and potash was 
smaller on Cresco soil than on Clyde soil, as comparison of 
the slope of the surfaces in Figures 1 and 2 shows. 
2. Oats 
Figure 3 presents the production surfaces for oats on 
Clyde soil. The response pattern is consistent throughout, 
showing a fairly flat surface which means that the oats re­
sponse to fertilizer was generally not very strong. Maximum 
yields were attained at input levels ranging from 45 to 68 
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pounds of PgC>5 and 32 to 53 pounds of KgO. Response to either 
nutrient was stronger when both were applied in combination, 
denoting the existence of a mild positive interaction between 
the two fertilizer elements. 
3. Ha% 
Production surfaces for the meadow on Clyde and Cresco 
soils for the years 1952 and 1958 and for the average response 
functions are presented in Figure 4. No definite statements 
can be made regarding the meadow response, given the variabil­
ity of the experimental results. The following discussion is 
mainly illustrative, is made considering that the average 
response surface was not very different from the selected 
single-year responses. 
The production surfaces for hay on Clyde soil show a 
slight effect on yields when PgOg and KgO were applied at the 
zero level of each other; the response was stronger when both 
nutrients were applied simultaneously at higher rates. The 
PgO$ x KgO interaction was especially noticeable in the aver­
age function; the maximum point for the average function was 
not attained within the range of applied inputs. 
On Cresco soil the response pattern was more variable, 
but from all three production surfaces there was apparently 
little interaction between the fertilizer nutrients. The 
slopes of the ridges of the surfaces along the high levels of 
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PgOg or KgO were approximately equal to the slopes of the 
ridges along the zero level of application of either nutrient. 
Phosphate was consistently the more Important input; the pro­
duction surfaces were steeper along the direction of the Pg05 
coordinate. 
D. Nature of the Yield I soquants, Isoclines and 
Marginal Rates of Substitution 
Isoquants at several yield levels were derived for the 
selected production functions from equations of type (3.4) or 
(3.5). The isoquants were computed so that each Isoquant 
represents a constant yield increase over the previous one; 
thus the distance between isoquants describes the slope of 
the production surface. 
Yield isoclines were computed from formulae of type (3.8) 
or (3.9), where 0 was set equal to five values; namely, 
1.0, 1.4, 2.0, 3.3, and 5.0. These values are hypothetical 
ratios of the Pg°5 price over the KgO price. That is, at a 
ratio of 1.0 the prices of the nutrients are equal; at a ratio 
of 2.0 the price of PgOg is double that of KgO, and so on. 
Marginal rates of substitution of KgO for PgO$ were com­
puted at different input combinations for each isoquant from 
equations of type (3.6). 
The isoquant maps shown in Figures 5 through 9 were de­
rived from the isoquant and isocline formulae mentioned above. 
77 
1. Corn 
Figure 5 shows a consistent pattern in the isoquant maps 
for corn on Clyde soil, which follows from the similarity of 
the basic production functions. The positive slope of the 
ridgellnes corresponds to the positive interaction between 
the inputs. Phosphate was unimportant at low yield levels, 
but it was an indispensable input at higher levels, as is 
shown by the slope and curvature of the lsoqusnts. At yields 
close to the check-plot yield the isoquants are nearly 
straight and parallel to the PgOg coordinate, indicating that 
there was practically no substitution of PgOg for KgO. Nearly 
the same amount of KgO was necessary to produce a given yield, 
regardless of the amount of Pg05 applied. This was true for 
good and bad years : the 30 bushel isoquant for the year 1950 
is very similar to the 55 bushel isoquant for the year 1956. 
However, at higher yields the Isoquants are curved and do not 
cross the KgO axis because the inputs become complementary. 
This is true again regardless of the weather conditions for 
any one of the years under study. For example, the shape of 
the 50 bushel Isoquant for 1950 is similar to that of the 
80 bushel isoquant for 1959, both being steep at the low KgO 
and high PgOg combination of inputs and flat at the high KgO 
and low PgOg combination of Inputs• 
The slopes of the isoquants show the substitution rela­
tionships between the two fertilizer nutrients. Marginal 
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rates of substitution of KgO for PgOg were computed for all 
the isoquants shown in Figure 5; as an example, those for an 
80 bushel yield in 1956 and 1959 are presented in Table 36. 
At a 17.5 pound application of KgO, an additional unit of KgO 
replaced 7.3 pounds of PgO^ for 1956, and 4.6 pounds for 1959. 
However, at a 25.0 pound application of KgO, an additional 
unit of KgO replaced a negligible amount of Pg0$. 
Table 36. Nutrient combinations and marginal rates of substi­
tution for a yield of 80 bushels of corn on Clyde 
soil, two different years 
Year 1956 Year 1959 
Pounds of 
p2°5 
Pounds of 
KgO MRS 
Pounds of 
p2°5 
Pounds of 
KgO MRS 
14.5 17.5 7.316 11.1 17.5 4.572 
5.4 20.0 1.992 5.8 20.0 1.090 
2.2 22.5 .769 4.1 22.5 .417 
1.2 25.0 .039 3.5 25.0 .057 
The slopes of the isoclines in Figure 5 do not differ 
greatly from year to year. The isoclines are close together 
and intercept the KgO axis near the 20 pound level of KgO. 
For the low yield levels (those isoquants which are not inter­
sected by the Isoclines) only KgO should be used. Nutrient 
combinations and replacement rates become important as the 
higher yields are attained. The isocline characteristics 
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mentioned above indicate that the combination of inputs used 
for any one output level should be fairly constant, regardless 
of the phosphate-potash price ratio and year to year variation 
in production functions. For example, 21.8 pounds of KgO and 
10.2 pounds of PgOg would have been required in 1953 to pro­
duce 65 bushels of corn if the prices of the nutrients were 
the same. If the price of PgO^ was double that of KgO, 23.2 
pounds of KgO and 8.8 pounds of PgO§ would have been needed, 
a variation of less than 2.0 pounds of either nutrient. 
Isoquant maps for the corn experiments on Cresco soil 
are shown in Figure 6. Maximum yields were attained within 
the range of actual phosphate and potash application for the 
three annual functions presented. The general configuration 
of the map for the average function (computed on the basis of 
five-year experimental data) is consistent with the other 
three maps shown. The indication is that the technical rela­
tionships for the functions of 1947 and 1959 were similar to 
the observed pattern for Cresco soil. The isoquants for corn 
on Cresco soil are fairly curved and tend to lay horizontally 
on the plane, except for 1956. The pattern of the corn re­
sponse to PgO§ and KgO on Cresco soil was not as clear as on 
Clyde soil, but apparently both fertilizer nutrients had an 
equivalent effect on yields, phosphate getting a stronger 
response on the average. 
In general, at low yields, more KgO was needed to sub-
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stitute for one unit of PgOg in maintaining a given output; 
at higher yields the nutrients were complementary, but still 
presented a wide range of substitution. Marginal replacement 
rates for a 60 bushel yield corresponding to the functions for 
the years 1950 and 1953 are presented in Table 37. The input 
Table 37. Nutrient combinations and marginal rates of substi­
tution for a yield of 60 bushels of corn on Cresco 
soil, two different years 
Year 1950 Year 1953 
Pounds of 
P205 
Pounds of 
KgO MRS 
Pounds of 
P205 
Pounds of 
KgO MRS 
9.0 0.0 .563 11.6 5.0 2.151 
7.8 2.5 .448 8.2 7.5 .917 
6.8 5.0 .357 6.4 10.0 . 534 
6.0 7.5 .281 5.4 12.5 .313 
5.3 10.0 .215 4.8 15.0 .156 
4.9 12.5 .154 4.5 17.5 .030 
4.6 15.0 .098 
4.4 17.5 .045 
combinations differed more at the low levels of KgO applica­
tion. Beyond 10.0 pounds of applied KgO, the amounts of PgOg 
required in order to sustain the 60 bushel yield were similar 
in both years. In general, replacement rates of KgO for Pg05 
were low. In 1953 an additional unit of KgO replaced more 
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than one unit of PgOg only at the lowest inputs of KgO. 
The isoclines for the corn functions on Cresco soil shown 
in Figure 6 are spread over the response surface. The input 
combinations necessary to produce a given output should be 
different according to the ,nutrient price ratios. For 
example, 18.0 pounds of PgO$ and 7.5 pounds of KgO would have 
been required to produce a 60 bushel yield of corn in 1953 if 
the price ratio had been equal to 1.0. If the price of phos­
phate had been twice that of potash (i.e., a ratio of 2.0) the 
amounts of nutrients required would have been 15.5 pounds of 
Pg0$ and 11.0 pounds of KgO. For production of low yields 
only PgOg or KgO should be used, depending on the price 
ratios, as is implied from the isoclines intersecting the two 
coordinates of the isoquant maps. 
A summary comparison of the corn response to phosphate 
and potash on Clyde and Cresco soils can be made by means of 
the average production functions and the isoquant maps derived 
from them. While the corn check-yield predicted on Clyde 
soil, 41.0 bushels, was lower than the 60.9 bushels predicted 
on Cresco soil, the maximum yields estimated by the average 
functions were similar: 75.4 bushels and 79.7 bushels, re­
spectively. Corn response to fertilizer was much stronger on 
Clyde soil than on Cresco soil. However, the predicted max­
imum yield was within the limits of observation for Cresco 
soil while being extrapolated for Clyde soil. 
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Potash was the most important applied nutrient for corn 
on Clyde soil, as shown by the position of the isoquants in 
Figure 5, which represent the rising slope of the response 
surface along the KgO axis. The isoclines are clustered 
together near the lower rldgeline, intersecting only the 
higher isoquants. The conclusion is that PgOg is needed only 
for production of the highest yields. On the other hand, the 
Isoquants for corn on Cresco soil shown in Figure 6 are curved 
and symmetrically placed about the PgOg and KgO axes, indicat­
ing that both nutrients had approximately an equal effect on 
corn yields. The isoquants show possibilities of input sub­
stitution even at the lowest yields, as is also evidenced by 
the even distribution of the isoclines over the map. 
To stress the difference in fertilizer requirements on 
the two soils, the PgO$ and KgO combinations producing a 70 
bushel yield of corn and their replacement rates on each soil 
are presented in Table 38. The possibilities of nutrient 
substitution were limited for corn on Clyde soil; at least 
19.4 pounds or a maximum of 27.3 pounds of KgO were required 
to combine with varying quantities- of PgO§ in order to main­
tain the 70 bushel yield. That is, a variation of 7.9 pounds 
of KgO and 12.2 pounds of PgOg. A greater range of nutrient 
replacement existed for corn on Cresco soil; KgO could be 
varied from 1.0 pound to 21.0 pounds and combined with dif­
ferent amounts of PgOg in order to produce the 70 bushels of 
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Table 38. Nutrient combinations and marginal rates of substi-
tutlon for a yield of 70 bushels of corn on Cresco 
and Clyde soils, average over the years 
Clyde Cresco 
Pounds of Pounds of Pounds of Pounds of 
fgOs KgO MRS PgOs KgO MRS 
20.8 19.4 20.7 1.7 CO 
15.7 20.0 4.095 13.9 2.5 1.961 
10.6 22.5 1.078 10.4 5.0 1.053 
8.9 25.0 .374 8.2 7.5 .701 
8.6 27.3 0 6.8 10.0 .490 
5.7 12.5 .340 
5.0 15.0 .222 
4.6 17.5 .124 
4.4 20.0 .037 
4.3 21.5 0 
corn. That is, a margin of 20.5 pounds for KgO and 16.5 
pounds for PgO§. The difference in possible fertilizer nutri­
ent mixes has great practical importance and is further dis­
cussed in Chapters VI and VII. 
2. Oats 
The Isoquant maps for oats on Clyde soil are presented 
in Figure 7. The general configuration of the maps is con­
sistent for all years denoting a stable response pattern of 
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oats to phosphate and potash. Maximum yields were attained 
within the range of applied nutrients or just beyond it. The 
isoquants in Figure 7 bend smoothly over a broad area, which 
is the counterpart of the flat nature of the production sur­
faces in Figure 3. 
The PgOç and KgO nutrients presented a wide range of 
substitution relationships. Table 39 shows the marginal rates 
of substitution of KgOfor PgOg when these elements are used in 
Table 39. Nutrient combinations and marginal rates of substi­
tution for a yield of 60 bushels of oats on Clyde 
soil, three different years 
1951 1957 1960 
Pounds 
of 
P2°5 
Pounds 
of 
KgO MRS 
Pounds 
of 
p2°5 
Pounds 
of 
KgO MRS 
Pounds 
of 
P2<>5 
Pounds 
of 
KgO MRS 
25.8 0 1.409 29.4 5.0 1.298 39.6 5.0 2.677 
20.0 5.0 .973 24.7 10.0 .692 30.1 10.0 1.448 
15.8 10.0 .712 %2.0 15.0 .432 24.0 15.0 1.016 
12.7 15.0 .527 20.3 20.0 • 266 19.6 20.0 .761 
10.4 20.0 .382 19.2 25.0 .140 16.3 25.0 .580 
8.8 25.0 .261 18.8 30.0 .035 13.8 30.0 .437 
7.8 30.0 .155 11.9 35.0 .316 
7.3 35.0 .059 10.6 40.0 .208 
9.8 45.0 .108 
9.5 50.0 .013 
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combination to produce a 60 bushel yield of oats, as predicted 
from the production functions for the years 1951, 1957 and 
1960, The marginal rates of substitution diminished at 
approximately the same rate in all three cases, as is also 
suggested by the curvature of the respective isoquants in 
Figure 7. However, the input combinations required each year 
were different, raising the question of what nutrient mix 
should be applied to oats in any future year. This problem 
is further explored when the optimum nutrient combinations 
and quantities are analyzed from an economic viewpoint in 
Chapter VI. 
Isoclines for oats computed at the same five hypotheti­
cal price ratios mentioned before, are dispersed over the re­
sponse surface. Different input combinations should be used 
for producing a given output according to the Pg°5 - KgO price 
ratio • For instance, in 19 54 a 35 bushel yield of oats should 
have been produced by applying 33.0 pounds of PgO^ and 13.0 
pounds of KgO, if the price ratio had been 1.0. If the price 
ratio had been equal to 2.0, the fertilizer combination should 
have included 26.0 pounds of PgOg and 26.0 pounds of KgO. 
This considerable difference in the appropriate mix is a 
verification of the good substitution possibilities between 
the two nutrients when used to fertilize oats. 
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3. Ha% 
Figure 8 shows the isoquant maps for hay on Clyde soil in 
1952 and 1958. The maps for the two years are very similar. 
Maximum yields are attained at levels of inputs beyond the 
range of applied nutrients; larger experimental fertilizer 
applications would have been required for the meadow. 
The hay isoquants are disposed horizontally on the plane 
indicating that over most of the surface large amounts of KgO 
are required to replace one unit of PgO$. At low yield 
levels, PgO$ was the most important fertilizer element; for 
higher yields both PgOg and KgO had to be applied in combina­
tion . 
Marginal rates of substitution of KgO for PgO§ and combi­
nations of these nutrients required to produce a 3.5 ton 
yield of hay were computed for the two years studied and are 
presented in Table 40. A unit of KgO replaced more than one 
unit of PgO$ only at the lower levels of KgO application. 
Along the rest of the 3.5 ton isoquant, more than one unit of 
KgO was required to substitute for a unit of PgOg in maintain­
ing the 3.5 ton yield. 
The isoclines in Figure 8 are separate and evenly dis­
tributed over the response surface In both years. The Impli­
cation again is that different input combinations should be 
used depending on the input price ratios. As the maximum 
yield Is approached and the fertilizer nutrients become highly 
Figure 8. Yield 1soquants, isoclines, and ridgelines for hay 
on Clyde soil during specified years 
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Table 40. Nutrient combinations and marginal rates of substi­
tution for a yield of 3.5 tons of hay on Clyde 
soil, two different years 
1952 1958 
Pounds of 
p2°5 
Pounds of 
KgO MRS 
Pounds of 
P2<>5 
Pounds of 
KgO MRS 
47.7 0 1.742 72.0 50.0 1.487 
35.4 10.0 .913 62.8 60.0 .608 
27.9 20.0 .610 58-2 70.0 .328 
22.8 30.0 .431 55.8 80.0 .165 
19.1 40.0 .306 54.8 90.0 .048 
16.6 50.0 .208 
14.9 60.0 .128 
14.0 70.0 .058 
complementary, the two nutrients should be applied in combina­
tion, regardless of their relative prices. 
The isoquant maps for hay on Cresco soil are presented in 
Figure 9. In 1952, the response was to both phosphate and 
potash; so the isoquants are symmetrically disposed between 
the input coordinates. In 1958, the hay response was mainly 
to PgOg and therefore the isoquants appear horizontally dis­
posed on the plane. 
Table 41 presents the combinations of PgO^ and KgO re­
quired to produce a 3.5 ton yield of hay and the correspond­
ing marginal rates of substitution derived from the production 
Figure 9. Yield isoquants, isoclines, and ridgelines for hay 
on Cresco soil during specified years 
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Table 41. Nutrient combinations and marginal rates of substi­
tution for a yield of 3.5 tons of hay on Cresco 
soil, two different years 
1952 1958 
Pounds of Pounds of Pounds of Pounds of 
P2°5 KgO MRS p2°5 KgO MRS 
56.3 10.0 2.472 67.4 0 2.034 
38.0 20.0 1.378 55.5 10.0 .791 
27.0 30.0 .864 49.2 20.0 .504 
20.2 40.0 .515 45.0 30.0 .347 
16.5 50.0 .233 42.1 40.0 .238 
40.2 50.0 .153 
39.0 60.0 .081 
38.6 70.0 .016 
functions for 1952 and 1958, on Cresco soil. According to 
the production function for the 1952 experiment, large amounts 
of PgOg must be applied at the low levels of KgO; the replace­
ment rate of KgO for PgOg was high and only fell fast as the 
lower rldgeline, where the inputs are technical complements, 
was approached. For the 1958 experiment, the nutrient combi­
nations required included higher amounts of PgOg than for the 
1952 experiment. Also, the replacement rates of KgO for PgOg 
were lower. For instance, 10.0 pounds of KgO had to be com­
bined with approximately 56.0 pounds of PgOg to yield 3.5 
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tons of hay in both years. But while the KgO replaced 2.5 
pounds of PgOg at this point in 1952, it only replaced .8 
pounds of PgOg in 1958. 
As a consequence of the different nature of the hay re­
sponse in the two years studied, the slopes of the isoclines 
are quite different in the two maps in Figure 9. Interpreta­
tion of the meaning of differences in the isoclines for each 
experiment follows from the previous discussion. 
E. Summary and Conclusions 
In the present chapter, the corn, oats and meadow re­
sponse to applied phosphate and potash for all years of ex­
perimentation was assessed by means of analyses of variance. 
The response of crops was to both PgOg and KgO on Clyde and 
Cresco soils; corn on Clyde soil responded mainly to KgO. 
The response of crops was only to Pg05 on Acid Webster, Cal­
careous Webster and Seymour soils. 
The fertilizer response was characterized by fitting a 
quadratic equation by regression methods to the mean treat­
ment yields of the crops. In general, the production func­
tions had high values, mostly higher than 90 percent. Such 
R2 values Indicate that the quadratic equation was an adequate 
model for representation of the fertilizer-yield relationships 
under study. However, the partial regression coefficients of 
the functions were often statistically nonsignificant at the 
97 
5 per cent probability level. One reason for the low levels 
of significance was that the experiments were not designed 
for production function analysis and few degrees of freedom 
were available for statistical testing. 
Production surfaces, isoquants, isoclines and marginal 
rates of substitution were derived from several of the produc­
tion functions estimated for the crops on Clyde and Cresco 
soils. The production surfaces were steep for corn, flat for 
oats, and of variable nature for hay — denoting the different 
response of crops to the applied nutrients. The possibilities 
of nutrient substitution were good for corn and hay on Cresco 
soil and for oats and hay on Clyde soil; nutrient substitution 
was limited for corn on Clyde soil. The isoquants were curved 
for the first crops, but were nearly straight and parallel to 
the Pg°5 axis for corn on Clyde soil. The isoclines were sep­
arate for all crops and soils except for corn on Clyde soil, 
for which the Isoclines were clustered together near the lower 
ridgeline. 
A general conclusion of the present chapter is that 
higher experimental rates of fertilizer application would have 
been desirable in order to permit the response functions to 
reach the maximum yields in all cases. An experimental design 
that included a greater number of treatment combinations would 
allow a better estimation of the production functions. 
In the next chapter the production functions are gen-
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erallzed to include soil and weather factors among the inde­
pendent variables. 
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V. GENERALIZATION OF THE PRODUCTION FUNCTIONS 
A. Preliminary Analysis 
A fertilizer production function derived from a single 
experiment applies essentially to the special conditions 
existing at the time and place of experimentation. If infor­
mation covering a greater number of farming situations is de­
sired, how can experimental results be extended to other cir­
cumstances? 
One possibility is to extend the conclusions from one 
trial to other situations by personal Judgment, but the re­
sults are likely to be inappropriate. Alternatively, the same 
experiment may be repeated in order to cover all possible 
situations resulting from combinations of the factors affect­
ing yields throughout a region. Practical and economic 
reasons would make such an alternative prohibitive. Finally, 
from a limited number of experiments covering a variety of 
situations, yield predictions may be extended with the help 
of other known variables. The last procedure necessitates 
making some assumptions that, if wrong, introduce biases into 
the results. However, if further research can reduce the 
possibility of biased conclusions, the method represents a 
valuable means to increase the practical use of data obtained 
from field trials. 
The task undertaken in the present chapter consists of 
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Incorporating variables into the fertilizer production func­
tions that account for changes in yield response due to loca­
tion, soil and weather elements. The purpose is to generalize 
the results of the several individual experiments used in this 
study in order to estimate a response function that will char­
acterize other intermediate situations for which no trials 
were conducted. 
Two problems arise in connection with the generalization 
of the production function: first, the added variables and 
their hypothetical functional relationships with yields and 
other inputs must be defined. This is done in Sections B and 
C of the present chapter. The second problem deals with 
aggregation of experimental data and incorporation of the new 
variables into the production function. This problem is dis­
cussed in the present section and in Section D. 
1. Analysis of the combined experimental data 
The first step toward the generalization of the results 
was to perform combined analyses of variance of the experi­
mental data. The purpose of such analyses was to examine 
the relative contribution of the productive factors to yield 
variation and to determine how the crop response to fertilizer 
was affected by the various environmental factors. 
The analyses were computed for each crop at each of the 
three experimental locations. The results are presented in 
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Tables 42, 43 ana 44. 
Bartlett tests of homogeneity of variance were computed 
to test the assumption that the experimental error variances 
were the same in all experiments. The tests are presented 
p 
in Appendix C. In most cases the OC values were significant 
at the 5 per cent or the 1 per cent level, indicating that the 
error variances were heterogeneous. Nevertheless, the com­
bined analyses were performed since some information can be 
gained in spite of the shortcomings represented by the hetero­
geneity of variance (6, p. 555). 
In general, the contribution of soils and years (weather) 
to yield variation was highly significant for all crops at 
the three locations. At the Howard County Farm and the 
Clarion-Webster Farm there were significant interactions of 
soils and years, meaning that the weather factors affected 
yields differently on each soil type. 
The response to the applied nutrients varied in the dif­
ferent locations and for each crop. However, analysis of 
fertilizer treatments effect is of little Importance in the 
present case, since more precise results are available from 
the individual analyses of variance of Chapter IV. Of greater 
interest is the nature of the soils x treatments interactions 
as well as the years x treatments Interactions. These inter­
actions indicate the change in crop response to fertilizer on 
different soils and under varying weather conditions. In all 
Table 42. Combined analyses of variance of corn yields, several years 
Source of 
variation 
Howard Countva Clarion-Webster Seymour 
d.f.b Mean square d.f. Mean square d.f.c Mean square 
Total 213 251 187 
Replicates • 14 11 
Covariate 
(stand) 1 9 — — 
Soils 1 10,379.19** 1 3,587.40** 
Years 3 8,924.06** 6 3,393.96** 10 23,839.18** 
Weather 2 7,157.70** 2 6, 060.40** 2 72,709.51** 
S x Y 3 630.44** 6 270.32** 
Treatments 8 8 8 
P linear 1 1,751.43** 1 19,990.60** 1 745.98** 
P quadratic 1 867.00** 1 222.68* 1 86.06 
K linear 1 13,782.75** 1 4.60 1 346.94** 
K quadratic 1 1,950.75** 1 107.72 1 .04 
PL KL 1 1,053.36** 1 103.76 1 29.34 
PL K0 1 64.98 1 298.32* 1 .04 
Pû KL 1 .09 1 189.28 1 .02 
Ktt 1 26.46 1 110.52 1 1.16 
aData for Clyde soil in 1947 are excluded. 
k«3 missing plots. 
°10 missing plots. 
Table 42. (Continued) 
Source of Howard County Clarion-Webster Seymour 
variation d.f• Mean square d.f. Mean square d.f. Mean square 
S x T 
SPL I 
Year x 
treatment 
YP 
YK 
YPK 
Y x S x T 
Error 
8 
1 
1 
1 
1 
4 
24 
6 
6 
12 
24 
141 
800.91## 
4.20 
4,349.43## 
344.55## 
46.00 
31.92 
42.79 
16.34 
30.69 
49.46 
8 
1 
1 
1 
1 
4 
48 
12 
12 
24 
48 
103 
1,377.16** 
17.00 
117.00 
6.00 
105.64 
414.68** 
41.96 
40.40 
58.68 
57.12 
80 
20 
20 
40 
78 
133.35** 
50.18 
25.48 
30.86 
Table 43. Combined analyses of variance of oats yields, several years 
Source of 
variation 
Howard County* 
d.f.1 Mean square 
Clarion-Webster 
d.f.° Mean square 
Seymour 
d.f.& Mean square 
Total 
Replicates 
Soils 
Years 
Weather 
S x Y 
Treatments 
P linear 
P quadratic 
K linear 
K quadratic 
ii 
>8 205 191 
— 11 11 
1 691.20** 1 1,016.60** 
4 4 , 789.42** 5 9,212.59** 10 
2 7,377.08** 2 21,324.96** 2 
4 1,425.26** 5 288.41** 
8 8 8 
1 5,892.75** 1 40,824.20** 1 
1 946.44** 1 2,304.64** 1 
1 472.38** 1 4.92 1 
1 90.27 1 293.04 1 
1 78.24 1 319.74 1 
1 .69 1 4.80 1 
1 12.00 1 259.16 1 
1 108.12 1 10.66 1 
15,552.56** 
42,687.00** 
2,843.95** 
302.49** 
.09 
11.85 
.94 
13.05 
7.50 
36.45 
aData for Clyde soil in 1945 are excluded. 
bl missing plot. 
C1 replicate was lost; also, 1 missing plot. 
&6 missing plots. 
Table 43. (Continued) 
Source of 
variation 
Howard County Clarion-Webster Seymour 
d.f. Mean square d.f. Mean square d.f. Mean square 
S x T 8 8 
SPL 1 144.18* 1 781.20** — — 
SPQ 1 26.52 1 .02 — — 
SKL 1 18.45 1 75.40 — 
SKQ 1 121.41* 1 177.10 — —' 
SPK 4 18.51 4 98.70 
Y X T 32 40 80 
YP 8 63.68* 10 985.34** 20 109.49** 
YK 8 49.20 10 103.71 20 22.55 
YPK 16 29.74 20 50.26 40 25.75 
Y x S x T 32 20.10 40 66.52 
Error 179 29.91 87 88.26 82 26.49 
Table 44. Combined analyses of variance of hay yields, several years 
Source of Howard Countya Clarion-Webster Seymour 
variation d.f. Mean square d.f. Mean square d.f.^Mean square 
Total 215 179 173 
Replicates — 10 10 
Soils 1 2.0709»* 1 .8488* — — 
Years 3 25.1167** 4 4.3941** 9 9 .7379** 
Weather 2 34.1336** 2 4 .4586** 2 32 .59 62** 
S x Y 3 2.9847** 4 1.8658** — — 
Treatments 8 8 8 
P linear 1 21.6924** 1 142.0058** 1 5 .6942** 
P quadratic 1 2.9454** 1 1.6838** 1 . 6899** 
K linear 1 6.8121** 1 .0530 1 .2134 
- K quadratic 1 .1563 1 .0024 1 .0523 
PL 1 .4293 1 .1712 1 .0432 
1 .1986 1 .1392 1 .0851 
Pq KL 1 .0000 1 .2420 1 .0008 
Pq Kq 1 .0105 1 .0066 1 .0095 
aData for Clyde soil in 1946 are excluded. 
^6 missing plots. 
Table 44. (Continued) 
Source of Howard County Clarion-Webster Seymour 
variation d.f. hean square d.f. Mean square d.f. Mean square 
S x T 8 8 — — 
SPL 1 .9555** 1 1.9304** — — 
SPy 1 .1053 1 .4202 — — 
SKL 1 .2601 1 .0026 — —-
SKn 1 .0471 1 .2690 
SPK 4 .2479 4 .1138 
Y x T 24 32 72 
YP 6 .2592* 8 3.5080** 18 .0866 
YK 6 .1784 8 .1449 18 .0315 
YPK 12 .0696 16 .0521 36 .0623 
Y x S x T 24 .1853* 32 .1204 — 
Error 144 .1103 80 • 1414 74 .0710 
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cases the soils x PgO^ Interaction was statistically signifi­
cant . The uptake of PgOg was conditioned by the character­
istics of the soils where the crops were grown. The quadratic 
component of PgO^ was not affected, which may be due to the 
slight curvature of the response surfaces along the PgOg axis. 
At any rate, the curvature may be assumed to be equal during 
all years and for each pair of soils. 
Interactions of soil x KgO were statistically significant 
for corn and oats on Cresco and Clyde soils• The application 
of KgO produced strong yield response only on these soils, 
therefore soils x K%0 interactions were likely to occur at the 
Howard County location. 
The response of crops to PgOg was altered by weather 
conditions at all loestions, except for corn at the Howard 
County farm as seen from the corresponding years x PgO^ inter­
actions. Separation of the linear and quadratic components 
was not possible, since the weather index derived in Section B 
was inappropriate for such a purpose. 
The Interactions discussed above are of great interest 
for the generalization of the production functions. These 
interactions indicate that not only the yield levels are 
changed by soil factors and climatic conditions, but also the 
response to the applied nutrients is changed. Therefore, 
variables must be Included in the generalized response func­
tions that account for yield variation due to the interactions 
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that appeared significant in the combined analyses of vari­
ance. 
2. Limitations of the analysis 
The main criticisms of the combined analyses of variance 
are the heterogeneity of the interaction variances and the 
experimental error variances, which alter the results of the 
F-tests of significance. Use of the F ratio under this circum­
stance may be open to question (6, pp. 551-555). In the 
present study, a further limitation arises from the lack of 
independence of the individual experiments. Thus, the errors 
are likely to be autocorrelated. However, the estimated gain 
in precision from using an autoregressive scheme was thought 
not great enough to warrant the added computations. A com­
plete analysis of variance Including all the data was also not 
deemed advisable, given the difference in years of experi­
mentation. A greater heterogeneity of variances would have 
occurred and a greater number of the interactions would have 
been expected to be significant. 
In spite of the limitations mentioned above, generaliza­
tion of the production functions was considered worthwhile. 
The information provided by the combined analyses of the data 
is valuable in determining the necessary variables to be in­
cluded in the generalized production functions. 
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B. Quantification of Climatic Factors 
The analysis in the previous section showed that consid­
erable yield variation is due to weather. If yield response 
data from experiments conducted under different weather condi­
tions are pooled and production functions are derived from 
them a variable to account for differences due to weather 
* should be included in the functions. The main objective of 
weather variables is to improve the fit of the functions, as 
indicated by the R2 values. The reduction in deviations 
accomplished by use of weather variables permits testing the 
effectiveness of other regression variables in explaining the 
yield variation. The predictive value of the production func­
tions could be greatly increased if weather variables were 
effective. Finally, a probability distribution of weather 
could be established from long-time cllmatological records 
and the most likely yields be estimated. Such information 
would be of great value in determining the economically opti­
mum rates of fertilization under uncertainty. 
Generally, the climatic conditions (4, 24) prevailing In 
a region are the most important factor controlling crop yield 
variation through their effect on the available soil moisture. 
If moisture measurements were unavailable, soil moisture may 
be estimated from rainfall and temperature data. 
The principal factor controlling moisture supply is pre­
cipitation. However, the moisture available to plants on a 
Ill 
given soil varies with the time of rainfall occurrence, tem­
perature and wind conditions, soil surface conditions and the 
intensity of the storms. In spite of these factors, the cor­
relation between precipitation and moisture available is high 
(£4). Therefore, the amount of precipitation can be used as 
an indicator of the availability of moisture to plants in 
particular regions. Precipitation and temperature should be 
considered simultaneously In their effect on plant life. A 
given moisture quantity may or may not become limiting accord­
ing to whether the temperature is high or low, due to the 
effect of temperature upon plant transpiration. 
As moisture and temperature are not usually under control 
in field experiments statistical methods must be used to iso­
late their effect upon yields. The procedure for such a pur­
pose consists of setting a hypothesis of how climatic factors 
affect plant yields and test the hypothesis statistically. 
Multiple regression methods are commonly used for this pur­
pose (16, b3, 25, 33), though their usefulness is limited by 
the great number of coefficients that should be estimated to 
characterize yield response to weather and the small number of 
data usually available. Total or average figures for rainfall 
and temperature are not adequate variables, especially in 
regions where the soil water-holding capacity is high or where 
there is great temperature variation. The distribution of 
these weather elements over the growing season should be con­
112 
sidered. Characterization of the distribution would require 
estimation of a considerable number of coefficients, for which 
long-time yield data would be necessary. If the time series 
of yields are short, the regression variables must be reduced 
to a minimum by making a priori assumptions. 
1. Hypothesis 
The hypothesis made in this study is that the relation­
ship of precipitation and temperature with yield is curvi­
linear, as shown in Figure 10. At very low precipitation or 
temperature, yield is low. Yield increases to an optimum 
point as these factors increase ; if precipitation or tempera­
ture become excessive, yield is depressed. Several such yield 
curves could be depicted with different forms and at different 
levels, according to interactions among weather elements. For 
simplicity, the average function can be used and assumed to 
have a parabolic shape. 
In Figure 10, the two extremes of the curve are steep, 
small variations in precipitation or temperature cause sharp 
changes in yields. The yield curve is flat near the peak, at 
the medium values of the weather factors yield is only slight­
ly changed by their variation. Thus, a further simplification 
can be made if only the more extreme weather variations are 
considered. The portions of the yield curve outside of the 
"average range11 R^Rg (or T^Tg) are assumed to be of equal 
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Figure 10. Hypothetical relationship of rainfall and/or 
temperature with crop yield 
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slope and can be approached by a straight line. If rainfall 
and temperature are measured as absolute deviations from their 
"average range", the hypothesis becomes that the general 
relationship between yield and rainfall or temperature is a 
negative linear relationship. The greater the deviation of 
precipitation and/or temperature from an optimum range, the 
greater the depressive effect on yields. 
2. Methodology and results 
The methodology used in this study for estimating weather 
indices for corn, oats and hay is as follows. Precipitation, 
R, and temperature, T, values computed in accordance with the 
hypothesis were used as variables in a regression equation of 
the form 
(5.1) Y = bQ + b-jR + bgT , 
where Y Is crop yield, in order to estimate the contribution 
of weather to yield variation. A weather index, W, was ob­
tained, modifying equation (5.1) by dropping the constant bQ 
and reversing the signs of the regression coefficients b^ and 
bg (25). If one of these coefficients was small and had the 
wrong sign, the coefficient was eliminated from the equation. 
The dependent variable Y was the average crop yield of 
all plots at each experimental site. The variables R and T 
were defined differently for each crop, as is explained sub­
sequently. 
115 
Precipitation and temperature data1 were obtained from 
the weather stations nearest to the experimental sites, as 
reported by the Weather Bureau (35). The weather stations and 
the years for which data were recorded, are shown in Appendix 
D. The furthest distance between a station and an experi­
mental site was 25 miles. 
a. Corn Previous studies (27, 33) in Iowa have 
shown that weather conditions are most important during July 
and August in affecting corn yields. Therefore rainfall and 
temperature during these two months were used to derive the 
corn weather indices for the present study. 
The daily rainfall during July and August was measured in 
10-day periods and deviations from an average amount, R, were 
computed for each period. All negative deviations were added 
together; if there was no rainfall in any 10-day period, that 
deviation was weighted by a factor of 2. The sum of the nega­
tive deviations' over the six 10-day periods constituted the 
rainfall variable R. 
Temperature during July and August was considered to be 
harmful only if above a certain level, T, specific for each 
month. Monthly temperature was used to compute the tempera­
ture variable, T, by adding the deviations of temperature 
]-In the following exposition, precipitation is measured 
in inches; temperature refers to average maximum temperature 
and is measured in degrees Fahrenheit. 
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above T for July and August. 
The R and T values were set for each location under study 
according to the local long-term conditions. The corn vari­
eties used were adapted to each location; hence, R and T also 
should be typical of such locations. The quantities R and T 
and the R and T variables for all locations and years are 
presented in Appendix E. 
Weather indices for corn, Wc, were computed following 
the methodology described previously. The resulting equations 
and the respective coefficients of determination are: 
(5.2) Howard County Wc = 4.667R + 0.OT R2 = .54 
(5.3) Clarion-Webster Wc = 5.706R + 1.207T R^ = .57 
(5.4) Seymour Wc = O.QR + 9.14IT R2 = .61 
Therefore, over 50# of the yield variance could be explained 
by the rainfall and temperature variables. The index values 
derived from equations (5.2), (5.3) and (5.4) are presented 
in Appendix E. 
b. Oats Precipitation and temperature over the grow­
ing season were used for the oats weather indices. Rainfall 
was measured in two periods, from planting to heading time and 
from heading time to harvest. These dates were adjusted to a 
common approximate date for all years studied. Shortages or 
excesses of precipitation were computed as absolute deviations 
from a minimum Rj or a maximum Rg precipitation for each of 
the two periods. These deviations were added to provide the 
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rainfall variable R. 
Monthly temperature for April, May and June was uaed for 
estimating the temperature variable T. Deviations below a 
"normal" minimum temperature in April were added together 
with deviations below minimum or above maximum "normal" tem­
peratures in May and June, to originate a temperature variable 
T. The "normal" temperatures, dates and the R and T values 
are given in Appendix F. 
The equations for the oats weather indices, W , computed 
following the general methodology, as well as the correspond-
2 ing R values are shown below. 
(5.5) Howard County IL 3.550R + 1 .9.29T R2 = .61 
(5.6) Clarion-Webster H 28.761R + 5 .274T R2 = .92 
(5.7) Seymour WQ = 9.908R + 7 .029T R2 = .55 
The index values derived from these equations are shown 
in Appendix F. 
c. Meadow There were two hay cuttings every year; 
hence, weather variables could be estimated for two separate 
periods within the growing season in order to derive hay 
weather indices. 
For "the first cutting the precipitation variable, R]_, 
was the rainfall deviation below an average amount R% for 
the period between initial meadow growth and harvest time in 
June. The temperature variable T^ was given by the sum of 
deviations of monthly temperatures above or below the given 
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amounts and Tg for April, May and the portion of June be­
fore harvest. 
For the second hay cutting, the precipitation variable 
Rg was the rainfall deviation below an amount Rg for the 
period between cutting dates. Harvest dates were approxi­
mately the same every year, the amount of precipitation Rg 
could be established without altering the results signifi­
cantly. The temperature variable Tg was the sum of deviations 
of the monthly temperatures for part of June, July and part 
of August from the limits T^Tg, defining an optimum range of 
temperature for these months. 
Weather index equations were computed by the general 
methodology for the two hay cuttings. The equations for the 
hay weather indices, W^, were obtained by adding the coeffi­
cients of the equations for each cutting. They are presented 
p 
below, with the corresponding R values. 
(5.9) Howard County 
Wh = .-32RJ + . 27TX + .43Rg + .OOTg R2 = .97 
(5.10) Clarion-Webster 
Wh = .00RX + .26Tx + .OORg + .12Tg R2 = .42 
(5.11) Seymour 
wh = 1.12RX + .33TX + .13Rg + .02Tg R2 = .81 
Dates, standard precipitation (R) and temperature (T) 
values used and the index values derived from equations (5.9), 
(5.10) and ( 5.11) are presented in Appendix G. 
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C. Available Soil Nutrients 
The preliminary analysis of Section A showed that yield 
response to fertilizer varied on different soils. Several 
soil characteristics are responsible for differential yield 
responses, among which are the amounts of soil nutrients 
present in a soil and available to plants. 
Available soil nutrients should be included in yield 
response functions (30, 11, 18) since soil nutrients change 
over time. The availability of soil nutrients within a soil 
type also varies considerably with location, degree of ero­
sion and so on. A production function that did not include 
the available soil nutrients as a variable would be of limited 
value• On the other hand, a production function that provides 
for changes in the productivity of the soil would be useful in 
predicting yields over a wider range of conditions. 
Soil test data can be used in the generalization of the 
production functions in two ways : One is to estimate a factor 
of proportionality and convert soil nutrients and fertilizer 
nutrients to the same units and estimate the function in 
terms of total nutrients. This procedure has been employed 
using greenhouse experimental data (18, 36). 
Alternatively, soil nutrients can be considered as Inde­
pendent variables separate from the applied nutrients, and be 
Included as such in the response function. Interaction terms 
of soil nutrients and other variables can also be included If 
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required. Regression coefficients for each term are esti­
mated by the usual least-squares method. 
The alternative procedure described In the previous para­
graph was used in this study due to the nature of the experi­
mental data used and to the limited amount of soil test data 
available. Crop response to soil nutrients can be depicted 
in terms of production surfaces similar to those for ferti­
lizer nutrients. The main difference is that the yield sur­
face for soil nutrients should be equal to zero whenever one 
of the inputs is absent. That is, the isoquants would have 
to be asymptotic to the input axes. However, this problem is 
important only from a theoretical standpoint. It can be dis­
regarded if the estimated functions are not used for extra­
polation beyond the range of observations. 
Extending the procedure to cover more than one soil type 
requires additional variables to account for soil character­
istics other than available nutrients. If such data are not 
available, dummy variables can be employed to represent dif­
ferent soil types. 
From the standpoint of the fertilizer production func­
tions, differences in available soil nutrients may produce the 
following effects: (a) the height of the functions may be 
changed, but their slope and shape remain the same. There 
would be no interaction between soil nutrients and fertilizer 
uptake, (b) The slope and/or the shape of the functions may 
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be changed, as well as their height. The slope would change 
if differences in available soil nutrients altered the linear 
coefficients for fertilizer in the production functions. If 
the quadratic coefficient were affected, the shape of the pro­
duction function would also be changed. 
The combined analyses of variance of Section A seem to 
indicate that only the linear components of PgOg Interacted 
with the soils in the majority of the experiments used in 
this study. 
Finally, weather conditions (I.e., soil moisture and 
temperature) may be Important in regulating the availability 
of soil nutrients. Under such conditions the use of soil test 
data alone in the generalized production functions would be 
insufficient. It would be necessary to include soil by weather 
interactions, as the significant soil by years interaction of 
the combined analyses of variance suggest. 
The soil test data used in this study are presented in 
Table 45. The soil properties given in Table 45 were deter­
mined from soil samples taken from the check plots of each 
experiment in 1958. The soil tests were made by Iowa State 
University Soil Testing Laboratory. 
Of the data in Table 45, only the PgOg and KgO values 
were used In the generalized functions of Section D. The 
nitrogen data were discarded because great variations in 
nitrogen available would be expected between years, due to 
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Table 45. Soil test level of N, P9O5, and KgO of 
experimental plots on five Iowa soils 
Soil N p K 
Clyde 111 1.6 91 
Cresco 103 1.8 109 
Acid Webster, Segment Aa 86 1.2 166 
II H « B 80 1.6 170 
H H H C 73 1.5 156 
Calcareous Webster, Segment A 98 0.9 156 
H » II B 76 016 - 144 
H H II C 81 0.8 136 
Seymour, Segment A 104 3.0 128 
» " B 90 2.5 152 
II II Q 102 3.3 134 
aSee Chapter II, Section A. 
the meadow grown in the crop rotation, and used as green 
manure. Besides, the soils were mainly deficient in PgOg and 
KgO. These elements should be expected to characterize more 
appropriately the different yield potential of the soils in­
volved . 
The present methodology has the main limitation that the 
soil test data were collected for only one arbitrary year. 
To use these data as representative of the whole series of 
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experiments may be Invalid if the soil nutrients have been 
built up or depleted over the years. The analysis could have 
been considerably refined If data had been available from all 
the experimental plots and for all years. 
D. Determination of the Generalized 
Production Functions 
Two kinds of generalizations of the production functions 
were performed. First, the experiments within one location 
(subject to the same weather) were combined as in the analyses 
of variance of Section A. A least-squares regression equation 
was estimated for each crop at each location. Since there 
were only two soils in each location, coding factors of -1 and 
*1 were used as soil variables in the production functions. 
The weather indices derived in Section B were used to explain 
part of the yearly yield variance. The production functions 
derived in the manner described will be referred to as "loca­
tion functions". 
Secondly, all the experiments for each crop were pooled 
and alternative regression equations were fitted to the data. 
Weather variables, soil test data, dummy variables for loca­
tions and for soil types, and fertilizer terms were used to 
characterize the generalized response functions. The produc­
tion functions derived by this method will be referred to as 
"crop functions". 
The mathematical form used to characterize all the 
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generalized response functions was a polynomial. The loca­
tion, soil and weather terms entered in a linear fashion. 
The P2O5 and KgO terms entered in the usual quadratic form of 
equation (3.1). Several interactions of these variables were 
also included. 
The two sets of functions are presented separately, due 
to the different procedure used. 
1. Location functions 
The regression coefficients for the location functions 
were obtained directly from the analyses of variance of Sec­
tion A. Therefore, the statistical significance of the co­
efficients is given by the F-tests in Tables 42, 43 and 44. 
The interaction terms included were those suggested by the 
statistical significance of the corresponding variates in the 
analyses of variance of Section A. The interaction terms in­
volving weather usually explained a small portion of the sums 
of squares, due to the manner the weather indices were de­
rived . Therefore, several of the weather Interaction terms 
were eliminated from some of the location functions-
O 
The location functions and their respective R 1 s are 
presented below: 
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Corn : 
(5.12) Howard County 
Y = 51.088 + 12.7541683 - 1.00W + .026300SW 
+ .200000P + .714726K - .018889P2 - .028333K2 
+ .014722PK + .157222SP - .723611SK+ .011907SK2 
R2 = .742 
(5.13) Clarion-Webster 
Y = 57.107 + 6.636201S - .955538W - .55370SW 
+ .929893P + .132750K - .008862P2 - .006164K2 
+ .004213PK - .190873 - .002964WP 
R2 = .649 
(5.14) Seymour 
Y = 72.852 - .819147W + .383738P + .161717K - .006215P2 
- .000135K2 - .002586PK - .012929WP + .000197WP2 
- .002077WK 
R2 = .605 
Oats: 
(5.15) Howard County 
Y = 38.827 - .745000S - 1.024724W + .380938SW 
+ .428583P + .10886IK - .004413P2 - .001363K2 
+ .000897PK + .029833SP - .1106667SK + .001600SK2 
- .005328WP + .000125WP2 
R2 = .702 
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(5.16) Clarion-Webster 
Y = 34.64-3 + 4.504167S - .411553W + 1.083428P 
- .110046K - .007689P2 + .002745K2 - .002028PK 
- .077639SP - .023257WP + .000121WP2 
R2 = .875 
(5.17) Seymour 
Y = 40.587 - .811047W + .326073P - .38927K - .002913P2 
_ .000577K2 + .000115PK - .08859WP + .000085WP2 
R2 = .552 
Hay: 
(5.18) Howard County 
Y = 2.146 + .058959S - .863434W + .056854SW + .018592P 
+ .005884K - .000127P2 - .000028K2 + .000033PK 
+ .001810SP - .000944SK - .003876WP + .000019WP2 
R2 = .811 
(5.19) Clarion-Webster 
Y = .816 + .04433355 + .022160W + .256218SW + .032265P 
- .000220% - .000101P2 - .000004K2 + .000023PK 
- .001737SP + .000051SP2 - .012568WP + .000225WP2 
R2 = .825 
(5.20) Seymour 
Y = 2.255 - .929372W + .011194P - .000154K - .000065P2 
+ .000018K2 - .000011PK - .002315WP + . 000016WP2 
R2 = .726 
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The symbols are defined as: Y, yield in bushels or tons 
per acre; 3, soil type; W, weather in terms of deviations from 
its mean; P, phosphate, in pounds per acre; K, potash, in 
pounds per acre. In the following, the meaning of the esti­
mated coefficients is discussed briefly. 
a. Corn Function (5.12) for corn at the Howard 
County location was computed on the basis of 72 yield observa-
2 
tions and had an R of .742. The positive sign of the soil 
coefficient indicates the higher average productivity of 
Cresco soil (coded as +1). The weather variable has a coeffi­
cient of -1.00, which follows from the definition of the 
weather index, a negative value associated with good climatic 
conditions. Therefore, if weather is favorable the predicted 
yield is increased. The SW term was included in the function, 
although its contribution to the reduction of the unexplained 
variance was negligible. 
The fertilizer terms all had the appropriate signs, rep­
resenting a convex surface or one with diminishing marginal 
products. The regression coefficients were significant at 
the 1 per cent level, which was expected given that the aver­
age functions for Cresco and Clyde soils (Tables 16 and 17) 
had almost all the coefficients highly significant. 
The positive SP interaction suggests that the response 
to PgOç was stronger on Cresco soil, which is in accordance 
with the results presented in Chapter IV. Likewise, the 
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negative SK and the positive SK interactions indicate that 
the response to KgO was.stronger on Clyde soil, especially 
at the low levels of KgO application. 
Function (5.13) for corn at the Clarion-Webster location 
had an R2 of .649. The Acid soil was coded as +1 and the 
Calcareous soil as -1. Interpretation of the coefficients 
follows the same reasoning as for the Howard County function. 
Only the PgOg fertilizer terms should have been considered 
at the Clarion-Webster location, as pointed out in Chapter IV. 
Hence, it was expected that the KgO terms would be statis­
tically nonsignificant. The SP interaction was significant 
at the 1 per cent level. All other soil by fertilizer inter­
action terms were negligible and therefore were deleted from 
the function. The WP variable was included in the function 
although it was statistically nonsignificant. The frequent 
failure of the weather x treatments interaction variables to 
account for the year x treatments interaction may be due to 
the definition of the weather index. As explained in Section 
B, the weather index was computed on the basis of the average 
yield of all the experimental plots; therefore the difference 
in response over the years is partly hidden by the weather 
index. 
Function (5.14) for corn at the Seymour location had an 
p 
R of .605. At the Seymour location only one soil was studied, 
therefore the function does not include soil and soil-inter­
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action terms. The coefficients are interpreted in a way 
similar to that explained for functions (5.12) and (5.13). 
Only the weather x treatments interactions deserve further 
p 
comment. The WP and WP terms accounted for almost one half 
of the year by phosphate interaction. The greater weather 
variation at the Seymour location had a strong effect on the 
corn response to PgOg, as shown in Tables 5 and 42. There­
fore, the shortcomings of the weather index did not have as 
adverse an effect as for the other functions. The signs of 
p 
the regression coefficients for the WP and WP terms indicate 
that the yield response to P^Og was stronger when the weather 
was favorable. However, as more PgOg was applied the yield 
increase was smaller in spite of the favorable weather condi­
tions. If weather was unfavorable, the yield response was 
depressed, at least within the range of application of PgOg 
of the present experiments. 
b. Oats Function (5.15) for oats at the Howard 
County location had an R2 of .701. The W and SW variables 
explained a significant portion of the yield variance. The 
regression coefficients of the fertilizer terms all had the 
p 
appropriate signs, although only the coefficients for P, P 
and K were statistically significant. The positive coeffi­
cient for the SP interaction term indicates that the oats 
response to PgOg was stronger on Cresco soil. Similarly, the 
Q 
signs of the coefficients for the SK and SK terms indicate 
130 
that the response to K20 was stronger on Clyde soil (coded 
as -1). The weather x PgOç interaction terms, though statis­
tically not significant were retained in function (5.15). 
The signs of the coefficients were appropriate, as explained 
previously for corn, hence the coefficients were presented. 
Function (5.16) at the Clarion-Webster location and func-
p 
tion (5.17) at the Seymour location had R 1 s of .875 and 
•552, respectively. The oats response to fertilizer at these 
locations was mainly to PgO§, as was discussed in Chapter IV. 
Hence, the locetion functions have coefficients for the KgO 
terms that are negligible and with improper signs. Interpre­
tation of the interaction terms follows the same reasoning 
explained for the previous location functions. 
c. Hay The R2 values for functions (5.18), (5.19) 
and (5.20) for hay at the Howard County, Clarion-Webster and 
Seymour locations were .811, .825 and .726, respectively. 
The high R2's for the Howard and Seymour location functions 
are due to the greater proportion of the yearly yield vari­
ation explained by the respective weather indices. For the 
Clarion-Webster location, the weather index explained only 
42 per cent of the yield variance due to years, as shown in 
Table 44. The greatest proportion of the hay yield variance 
at the Clarion-Webster location was due to fertilizer treat­
ments, mainly Pg°5' Since all of this variation was accounted 
for by the fertilizer variables, the fit of the functions was 
131 
good, in spite of the weak weather index. 
The coefficients for the PgOg terms were significant for 
all three functions. The linear term for KgO was statis­
tically significant for function (5.18). All other KgO terms 
had nonsignificant coefficients and usually had improper 
signs, which follows from the results of Chapter IV. Inter­
pretation of the soils x treatments and weather x treatments 
interaction terms is similar to that for the previous loca­
tion functions. 
The most interesting feature of the location functions 
is the nature of the interaction terms. The coefficients 
for soil and weather terms were known a priori; the coeffi­
cients for the fertilizer terms were equal to the average of 
the coefficients of the single functions estimated in Chapter 
IV. The interaction terms add some new information: they 
show how the response of crops to fertilizer was altered by 
weather conditions and by soil characteristics. Although the 
2 WP and WP terms were statistically not significant in most 
cases, the consistency of the signs of the respective coeffi­
cients lends support to the estimating procedures used. 
With respect to the soils x treatments interactions, 
the regression coefficients estimated explain all the yield 
variance due to the respective interaction terms. The sign 
and the magnitude of the coefficients clearly show the rela­
tive strength of crop response to the applied nutrients on the 
1?2 
soils studied. 
£. Crop functions 
The crop functions were obtained from all the experi­
mental data pooled for each crop. Two alternative methods 
were used in the estimation of the crop functions. In the 
first case, the dependent vcriable was the mean treatment 
yield from each one of the experiments. Therefore, for the 
corn the total number of observations was -306. The inde­
pendent variables used were: two .dummy variables for loca­
tions, d-j_ and d%; Ps, available soil phosphorous, Kg, available 
soil potassium; W, the weather index in terms of deviations 
from its 15-year mean; P, fertilizer phosphate ; K, fertilizer 
potash; end several interactions of these variables. The 
fertilizer variables were coded as -1, 0, +1 for the low, 
medium and high levels of fertilizer application, respec­
tively . 
In the second case, the yields were averaged over the 
years for each soil test group listed in Table 45. Therefore, 
the total number of yield observations for corn was reduced 
to SS. The independent variables used were the same as 
before, except for the dummy variables and the weather vari­
able . A new set of orthogonal variables, d^, to represent 
locations end soil types were defined in the following manner: 
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*1 d2 a3 d4 
Cresco soil + 1 + 1 -1 0 
Clyde soil + 1 +1 +1 0 
Acid Webster soil -1 + 1 0 -1 
Calcareous Webster soil -1 + 1 0 +1 
Seymour soil 0 -4 0 0 
The weather variables were defined as deviations from the 
mean index values for the years concerned. » 
In both cases the estimating procedure consisted of 
fitting a regression equation with the maximum number of 
variables likely to contribute to the reduction of yield 
variance. Several variables that appeared to be unimportant, 
or were highly correlated to others, were successively deleted 
from the equations, thus yielding alternative generalized 
functions. The functions containing fewer terms were pre­
ferred if the R2 values were not greatly changed by the 
elimination of some variables, and if the significance of the 
partial regression coefficients was increased. 
The crop functions, with the corresponding standard 
errors of the coefficients, t-tests, probability levels and 
O 
R 's are presented in Tables 46, 47 and 48. The correspond­
ing analyses of variance are presented in Appendix H. The 
probability levels of t were determined on the basis of the 
degrees of freedom for the sums of squares of deviations from 
regression. The tests of significance of the coefficients 
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Table 46. Regression coefficients (b^), standard errors 
(sb), t-tests, probability levels and coefficients 
of determination (R2), of the generalized crop 
functions for corn 
Function 
number Variable a sb 
Probability 
t level"3 
5.21 
aî 
!.. 
W 
PflW 
KgW 
P 
K 
K2 
PK 
I P8PK 
KGP 
;§ KGPK 
WP 
WK 
WP2 
WKd 
WPK 
PQ WP 
KGWP 
-26.526530 
17.886078 5.160744 3.466 •>*# 
-13.863350 7.813277 1.774 + 
28.394570 18.140070 1.565 @ 
. 754243 .282412 2.671 ## 
-.220194 .139145 1.582 @ 
-1.333824 .634048 2.104 * 
-.140458 .084973 1.653 + 
.005549 .004248 1.306 @ 
4.261615 7.445932 .572 d 
29.612530 7.088549 4.178 *•» 
-7.24 0660 12.467263 .581 d 
-18.469843 12.467261 1.481 @ 
9.623593 8.815689 1.092 b 
-3.875593 1.294794 2.993 
-.978219 1.274388 .768 d 
.418783 2.224846 .188 d 
1.599980 2.224846 .719 d 
-1.163487 1.573204 .740 d 
.069708 .047532 1.466 @ 
-.181916 .045926 3.961 
.030385 .080134 .379 d 
.099672 .080134 1.244 b 
-.047694 .056663 • 842 d 
-.169744 .415060 .409 d 
-.071184 .064948 1.096 b 
.021929 .111418 .197 d 
.015323 .111418 .135 d 
.008310 •078784 .105 d 
-.051918 .098797 .525 d 
.001734 .003107 .558 d 
R2 = 
.629 
a b0 is the yield Intercept. 
'Probability levels are: 
** ^ 1# +: 5-10# 
*1-5# 10-20# 
b: 20-30# 
c: 30-40# 
d: -40# 
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Table 46. (Continued) 
Function 
number Variable 
Probability 
level 
68.038271 
2-261358 1.092560 2.069 * 
-.000304 .068170 .004 d 
-.441659 .617730 • 715 d 
-.194263 .086218 2.253 * 
.000240 .004220 .057 d 
14.176077 2.665017 5.319 *# 
27.089392 6.463957 4.191 ## 
-2.336095 1.923298 1.215 b 
-13.774888 10.907444 1.263 b 
1.021826 1.359977 .751 d 
-4.190436 1.297753 3.229 ** 
-.176783 .046764 3.780 # #  
.087102 .079512 1.095 b 
-.105535 .065079 1.622 
-.069229 .066792 1.036 c 
R2 = 
.586 
64.719-667 
2.122702 1.085491 1.956 + 
.027452 .039097 .702 d 
-.966448 .054360 17.595 
14.176097 2.680004 5.290 ** 
27.089392 6.500308 4.167 ** 
-2.336095 1.934114 1.208 b 
-2.013570 1.934114 1.041 b 
1.021826 1.367625 .747 d 
-4.190439 1.305051 3.211 ** 
-.176783 .047027 3.759 #* 
-.105546 .065445 1.613 © 
-.069229 .067168 1.031 c 
R2 = 
.576 
9.419842 
2.338913 3.124192 .749 d 
.417046 .088348 4.720 ** 
-.978192 .052690 18.565 ** 
19.124 543 5.043167 3.792 ** 
-6.683036 6.783636 .985 c 
14.176019 2.575130 5.505 ** 
27.089392 6.245938 4.337 ** 
5.22 
5.23 
5.24 
P°S 
Ks 
¥ 
WPg 
WKg 
P 8 
h 
PK 
§« 
WP 
WK 
P 
I 
PK 
KgK 
WP 
WK 
S 
w 
; 
K 
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Table 46. (Continued) 
Function Probability 
number Variable b^ t level 
5.24 
5.25 
K" 
PK 
KgK 
WP 
WK 
bo 
P 
îf 
PK 
W 
5: 
KgP 
PgK 
KgK 
dpP 
d3P 
d4P 
diK 
dPK 
| 
d2K 
-2.336095 1.858428 1.257 b 
-2.013570 1.858428 1.083 b 
1.021826 1.314107 .778 d 
-4.190427 1.253982 3.341 # #  
-.176783 .045186 3.912 *#  
-.105504 .062884 1.678 + 
-.069229 .064540 1.073 b 
R2 = 
.612 
44 . 577616 
•10.432687 12.69118 .822 d 
15.093311 12.691118 1.189 b 
-2.548890 1.039040 2.453 •» 
-2.861223 1.039040 2.754 •M-* 
.911591 .639485 1.425 @ 
-.688876 .160535 4.291 ## 
-3.720074 2.534136 1.468 © 
.251829 .062444 4.033 •iHt-
.974596 3.103633 .314 d 
.116318 ,076478 1.521 @ 
-2.254927 3.103633 .726 d 
-.053801 .076478 .703 d 
8.273612 2.073861 3.989 # *  
-1.126661 .943360 1.194 b 
-3.113321 2.339275 1.331 b 
-2-853325 1.744746 1.635 ® 
-.946752 2.110003 .449 d 
1.502440 1.046404 1.436 @ 
-.904007 1.486780 .608 d 
4.027450 1.602163 2.514 * 
4.061327 2-110003 1.925 + 
-.143648 1.0464 04 .137 d 
5.217797 1.486780 3.509 
-.363787 1.602163 .227 d 
-.993475 1.224521 .811 d 
-.382639 .424186 .902 c 
.521665 2.120932 .246 d 
.443056 1.224521 .362 d 
-2.083475 1.224521 1.701 + 
-.787806 .424186 1.857 + 
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Table 46. (Continued) 
Function 
number Variable sb 
Probability 
level 
5.25 
WP 
WK 
-2.755836 
-.477777 
.246611 
-.081146 
2.120932 
1.224521 
1.966155 
1.966155 
FT = .904 
1.299 
.390 
1.254 
.413 
d 
b 
d 
5.26 bo 44.577616 ps 
-3.720073 2.437679 1.526 @ 
KS .251829 .060067 4.192 ** 
W 
-.688876 .154426 4.461 ## 
P -14.798752 10.066035 1.470 @ 
KP 12.773416 6.423923 1.992 + 
-2.548890 .999491 2.550 * 
K2 -2.861223 .999491 2.862 # #  
PK .911591 .615144 1.482 
PSP 1.656793 2.783593 .595 d 
KSP .141049 .062301 2.264 * 
PSK -1.844256 .825406 2.234 * 
KSK -.041342 .054211 .762 d 
dl 8.273612 1.994924 4.147 ** 
d2 -1.126661 .907452 1.242 b 
d3 -2.765544 1.792649 1.543 @ 
d4 -2.876472 1.258372 2.286 # 
dxP -.475442 1.887766 .252 d 
dgP 1.764405 .917294 1.923 + 
d4P 4.485668 1.360044 3.298 ** 
d i K  4.271295 1.798645 2.375 # 
clsKg 5.371001 1.260611 4.260 ** 
Vc -.993475 1.177912 .843 d 
<#2 -.382639 .408040 .938 c 
ai%P -2.083475 1.177912 1.768 + 
-.787806 .408040 1.931 + 
d3K2 -2.755836 2-040203 1.351 
WP .240280 .188866 1.272 b 
WK 
-.086533 .173143 .450 d 
R2 = 
.902 
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Table 46. (Continued) 
Function 
number Variable 
Probability 
level 
5.27 à 
5» 
P 
i 
PK 
is 
PSK 
KGK 
1 
doP 
d4P 
dnK 
11 
WP 
43.893859 
-3.720065 2.457603 1.514 @ 
.251829 .060558 4.158 ** 
-.688876 .155688 4.425 
-14.798752 10.148308 1.458 @ 
11.964699 6.257171 1.912 + 
-2.048485 .877056 2.336 * 
-2.336019 .969622 2.409 # 
.911591 .620172 1.470 @ 
1.656793 2.806344 .590 d 
.141049 .062810 2-246 # 
-1.953716 .802321 2.435 * 
-.033565 .052355 .641 d 
7.173623 1.834674 3.910 
-1.906955 .828590 2.301 # 
-2.765544 1.807301 1.530 @ 
-2.876469 1.268657 2.267 # 
-.475442 1.903195 .250 d 
1.764405 .924792 1.908 + 
4.485668 1.371160 3.271 ** 
4.530849 1.736111 2.610 * 
5.430046 1.265320 4.291 *# 
-1.426969 1.136982 1.255 b 
-2.755835 2.056878 1.340 @ 
.24 0280 .190410 1.262 b 
R2 = 
.895 
must be interpreted with caution, due to the heterogeneity of 
the experimental error variances and the unequal number of 
experiments on each soil type. 
a. Corn Crop functions (5.21) through (5.24) for 
corn were estimated by the first method described above. 
Function (5.21) contained 30 variables that explained 62.9 
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per cent of the yield variation. The relatively low R2 was 
due mainly to the year to year yield variation unexplained by 
the weather indices. The dummy variables were defined as: 
Howard County location, d^ = 1; Clarion-Webster location, 
dg = 1; otherwise d]_ and d2 were equal to 0. 
The F test for the overall regression was significant 
beyond the 1 per cent level. However, several of the partial 
regression coefficients were not significantly different from 
zero. Several of the higher interaction terms were deleted 
without greatly affecting the coefficient of determination. 
For crop function (5.22) the variables were reduced to 
15 and the R2 was .586. Function (5.2-3) contained only 12 
variables and had an R2 of .576. The 18 variables eliminated 
accounted for 5.24 per cent of the yield variance. In crop 
function (5.24) the two dummy variables were added to the 12 
variables of function (5.23) and the R2 was increased to .612. 
Therefore, comparison of functions (5.21) and (5.24) shows 
that the 16 interaction terms eliminated from function (5.21) 
explained only 1.72 per cent of the yield variance. Crop 
function (5.24) was decoded to fertilizer units of pounds per 
acre and was used to derive the isoquant maps of Section E. 
The dummy variable for the Howard County location, d^, 
was significant at the 1 per cent level in functions (5.21) 
and (5.24). The difference in the average yield level of 
the check-plots between this location and the average for all 
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locations was successfully explained by the dummy variable d%. 
The variable dg was not highly significant, probably because 
the average check-plot yield at the Clarion-Webster locations 
was close to the overall average check-plot yield. 
The soil variables Ps, Ks and PgKs were effective in 
explaining part of the variance due to soils. The signifi­
cance level of the respective coefficients shifted between 
the functions, depending on whether the dummy variables as 
well as certain interaction terms were included. The positive 
signs of the Ps and Ks coefficients indicate that higher 
yields were forthcoming from soils with higher PgOg and KgO 
content. If soil test data covering a wider range of condi­
tions had been available, squared soil terms could have been 
included in the functions. The negative sign of the PSKS 
coefficient in equation (5.21) suggests that the effects of 
the linear soil terms were not additive. That is, there might 
have been a small degree of substitution between soil Pg°5 
and soil K%0, as in the case of the fertilizer nutrients. 
The weather variable was highly significant in functions 
(5.22), (5.23) and (5.24). The quadratic fertilizer terms 
were significant at lower probability levels; the PK inter­
action was usually negligible. The analysis of Chapter IV 
indicates that the present results are consistent with those 
for the majority of the individual experiments. 
y The coefficients for the PSP and KgK terms were signifi­
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cant at the 1 per cent level in functions (5.22), (5.23) and 
(5.24). Both terms had negative coefficients, indicating 
that at higher soil nutrients content, crop response to the 
applied nutrients was diminished. The effectiveness of soil 
test data to characterize such a situation was an interesting 
result of the analysis. 
The WP and WK terms were retained in the crop functions 
under discussion because of the known weather x treatments 
interactions. Their negative coefficients indicate that crop 
response to PgOg and KgO was stronger under favoreble weather 
conditions. 
Crop functions (5.25), (5.26) and (5.27) were estimated 
according to the second method described at the beginning of 
this subsection. The main reason for averaging annual yields 
over soils was to reduce yield variation attributed to weather 
and thus improve the fit of the functions. The weather vari­
able however, was included as a weighting factor and to absorb 
the remaining yield variation due to weather. 
Soil test data, as used for functions(5.25), (5.26) and 
( 5.27) explain the within-location yield variance due to 
soils. Therefore, the soil variables were improper for the 
Howard County experiments that covered only two soil types. 
Function (5.25) was fitted with 34 independent variables 
n 
and had an R of .904. Function (5.26), obtained by deleting 
p 
six interaction terms from equation (5.25) had an R of .902, 
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only .002 less than equation (5.25). For function (5.27) the 
variables were reduced to 24 and the R^ was .895, only .009 
less than the R^ for function (5.25). High correlation be­
tween several of the independent variables was responsible 
for the slight difference in the coefficients of determina­
tion. Crop function (5.26) was decoded to fertilizer units 
of pounds per acre and was used for derivation of the tech­
nical relationships presented in Section E. 
Interpretation of the partial regression coefficients of 
crop functions (5.25), (5.26) and (5.27) is not readily made, 
due to the definition of the dummy variables and the coding 
of fertilizer terms. The mein interest is in the statistical 
significance of the regression coefficients. 
The number of coefficients with probability levels below 
30 per cent was reduced from 14 in equation (5.25) to three 
in equation (5.27). The results were fairly consistent for 
the three functions. The coefficient for Kg was significant 
at the 1 per cent probability level in all cases. Soil KgO 
was a good indicator of soil fertility, at least within the 
three land segments1 of Acid Webster, Calcareous Webster and 
Seymour soils. 
The weather variable was very effective in explaining 
corn yield variation due to weather, as shown by the highly 
1See Chapter II, Section A. 
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significant coefficients in crop functions (5.25), (5.26) and 
(5.2?). The regression coefficient for variable d^ was always 
significant at the 1 per cent probability level. This vari­
able acted as a location variable explaining the relative dif­
ference in average yields at the three experimental sites. 
The interaction terms d^P and dgK were also highly signifi­
cant. The different response to PgOg on Acid versus Calcareous 
Webster soils was established by d4P; dgK accounted for the 
stronger response to KgO on Clyde soils. 
The linear fertilizer terms were not significant at the 
usual statistical levels, because their effect upon yields 
was shown through the fertilizer x dummy variables interaction 
terms. The squared fertilizer terms were significant at the 
5 per cent or 1 per cent probability levels. The explanation 
is that the quadratic terms were statistically significant 
in most of the average functions presented In Chapter IV; 
therefore functions (5.25), (5.26) and (5.27) based on aver­
age yields would be expected to show significant P^ and 
terms. 
b. Oats The two crop functions for oats presented 
in Table 47 were estimated by the second method outlined at 
the beginning of this subsection. The same general remarks 
made for the corn functions (5.25), (5.26) and (5.27) are 
valid for the two oats functions. 
Function (5.28) was fitted with 34 variables and had an 
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Table 47. Regression coefficients (b^), standard errors (s^), 
t-tests, probability levels and coefficients of 
determination (R%), of the generalized crop 
functions for oats 
Function 
number Variable 
Probability 
levela 
5.28 
P°B 
Kw2 
P 
K 
p2 
K2 
PK 
$ 
PSK 
KSK I 
dpP 
dgP 
d4P 
dnK 
doK 
clgK 
i 
39.179360 
20.251977 
-.144639 
-1.169272 
-15.622950 
-3.733184 
-4 .941886 
.605114 
-.839318 
5.530241 
.124074 
2.387346 
.001305 
-13.586473 
8.378742 
2.945112 
4.499766 
-3.877156 
3.315465 
.868858 
5.325049 
.166143 
.892182 
.676316 
1.526021 
1.450284 
-.542552 
.727502 
.018058 
-1.864717 
-.004552 
-1.412498 
-1.915275 
3.630083 
.142180 
.093577 
26.700122 
26.700122 
1.614295 
1.614295 
.993530 
4.445895 
.174137 
4.445895 
.074137 
4.085814 
1.449965 
3.772362 
2.935782 
4.496163 
1.604521 
2.620816 
2.846486 
4.496163 
1.604521 
2.620816 
2.846486 
1.902465 
.659033 
3.295166 
1.902465 
1.902465 
.659033 
3.295166 
1.902465 
5.579 
1.017 
12.495 
. 585 
.140 
3.061 
.375 
.845 
1.244 
.712 
.537 
.007 
3.325 
5.778 
.781 
1.633 
.862 
2.066 
.331 
1.871 
.037 
• 556 
.258 
.536 
.762 
.823 
.221 
. .009 
.980 
.007 
.429 
1.007 
** 
b 
## 
d 
d 
** 
d 
d 
b 
d 
d 
d 
** 
# #  
d 
@ 
d 
* 
d 
+ 
d 
d 
d 
d 
d 
d 
d 
d 
c 
d 
d 
c 
^Probability levels are: 
** ^ 1# +: 5-10$ b: 20-30# d: ^40# 
*l-5fo 10-20$ c: 30-40# 
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Table 47. (Continued) 
Function Probability 
number Variable bi sb t level 
5.28 WP -.228776 .114609 1.996 + 
WK -.028036 .114609 .245 d 
R2 = 
.916 
5.29 bo 20.406877 
Ps 20.142675 3.430562 5.871 ## 
W -1.094196 .067950 16.103 ** P 24.818237 4.626531 5.364 ## 
K .145152 .866642 .167 d 
P2 -5.271970 1.501068 3.512 ** KO 1.284848 1.501068 .856 c 
PK 
-.839318 1.061415 .791 d PSP 
-8.001480 2.862878 2-795 ** 
dl -9.876506 1.406115 7.024 ## 
D2 8.289050 1.103151 7.514 *# A* 5.825334 2.015330 2.890 
dpP -.778054 1.039444 .748 d 
d|P2 -.343549 1.512492 .227 d 
d4K -1.915276 2.032456 .942 c 
WP 
-.250513 .082662 3.030 ** 
R2 = 
.876 
of .915. Function (5.29) included 15 variables and had an 
of .876, only .040 less than equation (5.28). That is, the 
19 variables that were deleted accounted for only 4 per cent 
of the yield variation. 
In the case of oats, soil Pg°5 appeared to be the most 
effective indicator of soil fertility, as suggested by the 
high level of significance of the coefficient for Ps. The 
regression coefficients for the dummy variables dj and dg were 
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both significant at the 1 per cent probability level. They 
denote the different average yield levels of oats at the 
three experimental locations. Interpretation of the remain­
ing coefficients follows the same logic as for the corn func­
tions . 
c. Hay The crop functions for hay, estimated by the 
same procedure used for functions (5.25) through (5.29), ere 
presented in Table 48. 
Function (5.30) included 34 variables and had an R of 
.928. Nineteen variables were deleted from function (5.30) 
to yield function (5.31), which had an R2 of .924, only 
slightly less than the previous one. Fourteen of the 19 par­
tial regression coefficients of function ( 5.31) were signifi­
cant at either the 5 per cent or the 1 per cent probability 
levels. 
The coefficients for the two soil nutrient terms, P8 and 
Kg, were highly significant, indicating that soil PgOs and KgO 
were effective in representing soil quality for roe sdow growth. 
The coefficient for the dummy variable d]_, which differ­
entiated between the three experimental sites was significant 
beyond the 1 per cent probability level. The other three 
dummy variables were usually significant only at lower prob­
ability levels. 
The contribution of the fertilizer terms to the reduction 
of yield variance was important, as shown by the statistical 
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Table 48- Regression coefficients (b^), standard errors 
(s%), t-tests, probability levels and coefficients 
of determination (R%), of the generalized crop 
functions for hay 
Function Probability 
number Variable b^ sb t level® 
5.30 bo 
:• 
P 
«1 
PK 
PSK 
KaK I 
doP 
dsP 
d4P 
dnK 
doK 
d3K 1 
-.423668 
.385894 .166635 2.316 * 
.017367 .004610 3.767 ** 
-.762358 .172896 4.409 ** 
-.030113 .857753 .035 d 
-.225973 .857753 .263 d 
-.181778 .069188 2.627 # 
-.018778 .069188 .271 d 
.021591 .042582 .507 d 
.690104 .204083 3.381 ## 
-.004129 .005646 .731 d 
-.019752 .204083 .097 d 
.002750 .005646 .487 d 
.772919 .154348 5.008 
.1052c4 .061233 1.718 + 
.233228 .156123 1.493 @ 
.171837 .114283 1.504 @ 
-.647665 .163921 3.951 
.301657 .067530 4.467 ** 
-.045650 .099835 .457 d 
.339554 .103566 3.279 
.175533 .163921 1.071 b 
.009031 .067530 .134 d 
.081107 .099835 .812 d 
.024637 .103566 .238 d 
-.031389 .081539 .385 d 
-.012667 .028246 .448 d 
.022499 .141230 .159 d 
.090933 .081539 .991 c 
-.010556 .081539 .129 d 
-.019000 .028246 .673 d 
-.040000 .141230 .283 d 
-.068333 .081539 .838 d 
^Probability levels are: 
** <1# +: 5-10# b: 20-30# 
*1-5# @: 10-20# c: 30-40# 
'40* 
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Table 48. (Continued) 
Function Probability 
number Variable bi sb t level 
5.30 WP -1.080682 .211753 5.104 *# 
WK -.002663 .211753 .012 d 
R2 = .928 
5.31 bo -.441513 
Pg .385894 .154610 2.496 * 
Kg .017367 .004277 4.060 ** 
W -.762358 .160419 4.752 
P -.255823 .650857 .393 d 
K .090185 .035664 2.529 * 
P§ -.165758 .055875 2.966 #* 
K2 -.008030 .55875 .144 d 
PK .021591 • 039510 .546 d 
PsP .716500 .181622 3.945 ** 
KgP -.002733 .004408 .620 d 
dl .7449 56 .124182 5.999 
*# 
d2 .084113 .051160 1.644 c 
d3 .221562 .075632 2.929 
d4 .180170 .078459 2.296 
* 
d]P -.617442 .139179 4.436 
d2P .312728 .058491 5.347 
# #  
d?P .361376 .085281 4.237 #* 
diK .086759 .041820 2.074 + 
WP -1.067209 .194560 5.485 
R2 = .924 
significance of the regression coefficients of PgOs and KgO 
terms and of their interactions with the dummy variables. 
The meaning of all interaction terms is similar as was dis­
cussed for the previous functions. 
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E. Nature of the Yield Isoquants, Isoclines and 
Marginal Rates of Substitution from the 
Generalized Production Functions 
The objective of the derivation of yield isoquants, iso­
clines and marginal rates of substitution from the generalized 
production functions was to compare the results obtained from 
the generalized functions and those obtained from the indi­
vidual functions of Chapter IV. 
Crop functions (5.24) and (5.26) for corn were used to 
derive the technical and economic relationships presented 
below. Soil test values corresponding to Clyde and Cresco 
soils and the appropriate values for the dummy and weather 
variables were substituted into the functions to predict the 
average yield response of corn to fertilizer on each of the 
two soils mentioned. Two production functions of the simple 
form (3.1) were thus obtained from each of the two generalized 
crop functions. Crop function (5.24) was transformed into: 
(5.32) Clyde soil 
Y = 41.768 + .683051P + .895484K - .010383P2 
- .008949K2 + .004541PK 
(5.33) Cresco soil 
Y = 53.763 + .627179P + .683334K - .010383P2 
- .008949K2 + .00454IPK 
Crop function (5.26) was transformed into: 
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(5.34) Clyde soil 
Y = 36.742 + .594330P + 2.117858K - .017444P2 
- .037726K2 + .004052PK 
(5.35) Cresco soil 
Y = 60.559 + .785680P + .592634K - .017444P2 
- .013230K2 + .004052PK 
Yield is expressed in bushels per acre and fertilizer inputs 
in pounds per acre. The appropriate formulae of Chapter III 
were used to compute the isoquants, isoclines and marginal 
rates of substitution discussed presently. 
Figure 11 shows the isoquant maps corresponding to equa­
tions (5.32) and (5.33). The maximum yield of corn on Clyde 
soil predicted by function (5.32) is 85.3 bushels with an 
application of 46.4 pounds of PgO$ and 61.8 pounds of KgO. 
These estimates contrast with a maximum yield of 75.5 bushels 
obtained with application of 29.4 pounds of PgOg and 32.6 
pounds of KgO, predicted by the average function of corn on 
Clyde soil presented in Table 16. Hence, crop function (5.24) 
grossly overestimated the yield and fertilizer requirements 
of the average corn response on Clyde soil• 
Equation (5.33) predicts a maximum yield of 83.1 bushels 
of corn on Cresco soil with application of 40.8 pounds of PgO^ 
and 48.5 pounds of KgO. The predicted maximum yield is only 
3.4 bushels higher than that estimated by the average function 
for corn on Cresco soil as presented in Table 17. But the 
rates of fertilizer application estimated by crop function 
Figure 11. Yield isoquants, Isoclines, and ridgelines for 
corn on Clyde and Cresco soils; average response 
derived from generalized crop function (5.24) 
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(5.24) are 13.6 pounds of P2O5 and 19.1 pounds of KgO in 
excess of the quantities estimated by the average function. 
The configuration and position of the isoquants and iso­
clines are similar for the two maps in Figure 11, contrasting 
with the dissimilarity of the corresponding isoquant maps in 
Chapter IV. The reason for the lack of differentiation in 
Figure 11 is that the squared and interaction terms of PgOg 
and KgO were identical in functions (5.32) and (5.33). Only 
the yield intercept and the linear terms of functions (5.32) 
and (5.33) were altered by the inclusion of dummy and weather 
variables, and of interaction terms in crop function (5.24). 
As a consequence, only the slope of the surfaces and the 
point of maximum yields relative to the input axes were dif­
ferent for the two derived functions (5.32) and (5.33). 
In contrast, the 1soquant maps obtained from equations 
(5.34) and (5.35) and presented in Figure 12 estimated more 
closely the true factor-factor and factor-product relation­
ships, as derived in Chapter IV. 
The maximum predicted yield of corn on Clyde soil is 73.7 
bushels with 20.4 pounds of P2O5 and 29.2 pounds of KgO. The 
yield isoquants are only slightly bent and vertically disposed 
on the plane. The isoclines are clustered together near the 
lower ridgeline and Intercept only the KgO axis. These 
features of the isoquant map denote the stronger response of 
corn to KgO on Clyde soil, and correspond to the findings 
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Figure 12. Yield isoquants, isoclines, and ridgelines for corn 
on Clyde and Cresco soils; average response derived 
from generalized crop function (5.26) 
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described in Chapter IV. 
For Cresco soil, the maximum predicted yield of corn is 
78.4 bushels, with application of £5.6 pounds of PgOg and 26.3 
pounds of KgO. The yield isoquants are curved and symmetric­
ally placed relative to the input axes. Therefore, the iso­
clines are spread apart and intercept both the PgOg and KgO 
coordinates. Again, the results for corn on Cresco soil 
reproduce very closely the corresponding results obtained in 
Chapter IV. 
Marginal rates of substitution of KgO for PgO^ for a 
70 bushel yield of corn on Clyde and Cresco soil were esti­
mated from equations (5.34) and (5.35) and are presented in 
Table 49. The range of nutrient substitution is smaller and 
the replacement rates fall much faster for Clyde soil than for 
Cresco soil. The results of Table 49 estimate closely the 
corresponding ones presented In Table 38, Chapter IV. 
Table 49. Nutrient combinations and marginal rates of sub­
stitution for a 70 bushel yield of corn on Clyde 
and Cresco soils, estimated from the generalized 
crop function (5.26) 
Clyde Cresco 
Pounds of Pounds of MRS Pounds of Pounds of MRS 
P205 KgO P 2 °5  K2O 
19 .3  19 .2  00 22.6 0 .9  00 
13 .8  20 .0  3 .404  11 .1  5 .0  1 .210  
8 .9  22 .5  1.212 6 .8  10 .0  .606 
6 .7  25 .0  .561  4 .6  15 .0  .313  
5 .9  27.5  . 133  3 .6  20 .0  .105  
5 .8  28 .4  0  3 .4  22 .9  0  
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F. Summary and Conclusions 
In the present chapter, production functions that in­
cluded location, soil, and weather variables in addition to 
the fertilizer variables were estimeted from the experimental 
data for corn, oats and hay. 
Combined analyses,of variance were performed to assess 
the relative contribution of soils, weather and fertilizer 
nutrients to yield variation at each experimental location. 
Generally, the weather contributed the largest proportion to 
yield variance. Soils and fertilizer treatments also con­
tributed significantly to yield variation. Significant inter­
actions between soils and weather, soils and fertilizer treat­
ments, and weather and fertilizer treatments were also present. 
Weather indices for each crop at each location were esti­
mated from rainfall and temperature data. They explained 
approximately 57 per cent of the corn yield variation, 60 per 
cent of the oats yield variation, and 70 per cent of the hay 
yield variation. 
Several types of generalized production functions were 
estimated from the pooled experimental data. Dummy variables 
for locations, PgOg and KgO soil test values for soils, 
weather indices, fertilizer inputs, and several interactions 
of these variables were Included in the generalized production 
functions to characterize the yield response of corn, oats 
and meadow to PgOç and KgO fertilization under various 
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environmental conditions. The R2 values of the generalized 
functions were between .552 and .928. The overall regressions 
were all highly significant. Frequently, the partial regres­
sion coefficients of the variables were statistically signifi­
cant at the 1 per cent level. 
Isoquants, isoclines and marginal rates of substitution 
were derived from two of the generalized production functions 
for corn. Results for one of the functions were acceptable. 
With further improvements in the collection of soil test and 
weather data, the procedure appears to be feasible for use in 
practical recommendations. 
In the next chapter, economic optimum rates of Pg°5 and 
KgO application are estimated for corn, oats and hay under the 
various environmental conditions. Alternative crop and ferti­
lizer prices, capital limitations and use of different ferti­
lizer mixtures are considered in the analysis. 
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VI. DERIVATION OF ECONOMIC OPTIMA 
A. Introduction 
In the foregoing chapters the response of crops to ferti­
lizer was estimated and the effect of soil and weather factors 
upon the fertilizer production functions were analyzed. In 
the present chapter, the problem is to determine the optimum 
quantities of fertilizer nutrients that should be applied to 
the crops under the various conditions resulting from differ­
ences in soil and weather. 
Three alternative prices1 were assumed for each of the 
crops and for the PgOg and KgO plant nutrients, as shown in 
Tables 50 through 54. Economic optimum quantities of the 
fertilizer nutrients were calculated assuming situations in 
which capital was both unlimited and limited. Furthermore, 
the consequences of using three common fertilizer mixtures 
were Investigated from the standpoint of profits. 
Economic optimum rates of fertilizer application, profits 
and returns per dollar invested in fertilizer were computed 
for the production functions selected in Chapter IV, Section 
1Crop prices were selected according to the following 
criterion. The high and low prices are approximately the 
highest and lowest crop prices in the period 1946-60; the 
average prices are the approximate average crop prices in the 
period 1957-60. See Iowa Farm Science (22). The average 
PgO$ and KgO prices are approximately the current market 
prices. The high and low prices are hypothetical. 
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C. 
B. Unlimited Capital Situation 
In the present section unlimited availability of funds for 
investment in fertilizer is assumed. Returns to capital em­
ployed in alternative enterprises on the farm are disregarded. 
Interest lies in maximizing the net returns or profits from 
fertilizer. 
Two possibilities are analyzed in connection with the 
maximization of profits : first, that phosphate and potash 
are bought separately and mixed in optimum proportions (least-
cost combinations) and second, that some common fertilizer 
mixtures are used. Economic optimum quantities of fertilizer 
are estimated for each case and net returns to fertilizer are 
computed. Results are evaluated from the standpoint of dif­
ferences in profits. 
1. Optimum nutrient combination 
The economic optimum quantities of fertilizer nutrients 
for each production function were obtained by solving sets of 
equations of type (3.10). Profits and average returns were 
likewise computed from equations of type (3.11) and (3.12) in 
Chapter III. 
Results for the production functions selected are pre­
sented in Tables 50 through 54. 
160 
a. Corn Tables 50 and 51 show the optimum rates of 
Pr.05 and KgO application and the profits for corn on Clyde 
and Cresco soils, respectively, during several years. Optimum 
yields were predicted at levels close to the maximum yields; 
thus the optimum fertilizer rates were extrapolated for the 
production functions on Clyde soil. 
The response surfaces for corn were steep and therefore 
changes in price ratios did not result in large changes in 
quantities of nutrients applied and in yield levels. Gen­
erally, for all the production functions of corn, yields and 
fertilizer rates increased by a small amount when the crop 
price increased as fertilizer nutrient prices were constant 
(the price-cost ratio became more favorable). Profits and 
average returns per dollar invested, however, increased in 
proportion with the crop price increase. For instance, for 
corn on Cresco soil in 195-3, if the fertilizer nutrients were 
valued at the lowest prices, increases in corn price from 
$.70 to Si.00 and to #1.80 would result in step increases of 
approximately only .9 pounds of PgO§ and .7 pounds of KgO. 
The yield would increase by .1 bushel with each price change. 
Profits, however, WD uld be #5.99 and #12.90 higher with each 
crop price increase, respectively. 
If crop price was constant while fertilizer nutrient 
prices increased (the price-cost ratio became less favorable), 
the optimum yield was reduced by a small amount, especially 
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Table 50. Optimum quantities of P2O5 and KgO and profits for 
corn on Clyde soil during specified years; various 
corn and fertilizer prices 
Crop P2O5 KgO P^Oç 
price price price rates 
Year 4?/bu. 1/lb. #/lb. lbs ./a. 
KgO Total Net Rtns. 
rates Yield cost rtns. per $ 
lbs./a. bu./s. $/a. $/a. inv. 
.70 .08 .03 29.5 31.4 55.5 3.30 18.68 6.66 
.10 .05 27.8 30.5 55.3 4.30 17.48 5.06 
.15 .09 23.6 28.7 54.3 6.12 15.02 3,45 
1.00 .08 .03 31.3 31.9 55.7 3.47 28.13 9.12 
.10 .05 30.1 31.3 55.6 4.58 26.88 6.87 
.15 .09 27.2 30.1 55-2 6.79 24.22 4.57 
1.80 .08 .03 33.3 32.6 55.9 3.64 53.47 15.70 
.10 .05 32.6 32.2 55.8 4.87 52.17 11.71 
.15 .09 31.0 31.5 55.7 7.48 49.30 7.59 
.70 .08 .03 22.6 33.1 71.2 2.80 19.94 8.11 
.10 .05 21.6 32.2 71.0 3.77 18.84 5.99 
.15 .09 19.2 30.4 70.4 5.62 16.57 3.95 
1.00 .08 .03 23.6 33.7 71.3 2.90 29.71 11.24 
.10 .05 22.9 33.1 71.2 3.95 28.57 8.24 
.15 .09 21.3 31.8 70.9 6.05 26.17 5.33 
1.80 .08 .03 24.7 34.3 71.4 3.00 55.84 19.59 
.10 .05 24.3 34.0 71.4 4.13 54.66 14.25 
.15 .09 23.3 33.3 71.3 6.50 52.13 9.02 
.70 • 08 .03 25.0 27.6 86.8 2.83 27.05 10.57 
.10 .Ob 22.7 27.1 86.5 3.63 26.02 8.18 
.15 .09 17.2 25.9 85.4 4.92 23.97 5.87 
1.00 .08 .03 27.5 28.0 87.1 3.04 39.90 14.12 
.10 .05 25.9 27.7 87.0 3.97 38 .81 10.76 
.15 .09 22.1 26.9 86.4 5.73 36.52 7.38 
1.80 .08 .03 30.1 28.5 87.3 3.26 74.34 23.79 
.10 .05 29.2 28.3 87.2 4.34 73.18 17.86 
.15 .09 27.1 27.8 87.1 6.57 70.65 11.76 
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Table 50. (Continued) 
Crop PgÛ5 KoO P2°5 k2° Total Net Rtns. 
price price price rates rates Yield cost rtns. per S 
Year f/bu. I/lb. I/lb. lbs./a. lbs./a. bu'./a. $/a. $/a. Inv. 
1959 
Av. 
.70 .08 .03 27.3 34.5 89.4 3.22 19.52 7.07 
.10 .05 25.5 33.4 89.1 4.22 18.31 5.34 
.15 .09 21.2 30.9 88.1 5.96 15.86 3.66 
1.00 .08 .03 29.1 35.4 89.6 3.39 29.30 9.65 
.10 .05 27.8 34.6 89.4 4.51 28.03 7.22 
.15 .09 24.8 32.9 88.9 6.68 25.37 8.80 
1.80 .08 .03 30.9 36.3 89.7 3.56 55.52 16.58 
.10 .05 30.2 35.9 89.7 4.82 54.19 12.25 
.15 .09 28.5 34.9 89.5 7.42 51.30 7.91 
.70 .08 .03 24.4 30.7 75.1 2.87 21.03 8.32 
.10 .05 23.0 30.0 74.9 3.80 19.95 6.26 
.15 .09 19.5 28.4 74.1 5.48 17.72 4.23 
1.00 .08 .03 25.9 31.3 75.3 3.01 31.30 11.40 
.10 .05 24.9 30.8 75.2 4.03 30.18 8.49 
.15 .09 22.5 29.6 74.8 6.04 27.78 5.60 
1.80 .08 .03 27.4 31.9 75.4 3.15 58.81 19.67 
.10 .05 26.9 31.6 75.4 4.27 57.63 14.51 
.15 .09 25.5 31.0 75.3 6.62 55.07 9.32 
when the crop was valued at the low price. The optimum ferti­
lizer nutrient retes were reduced in all cases, although the 
total fertilizer cost was increased. That is, although the 
fertilizer price was higher it was convenient to spend more 
on fertilizer in order to maintain profits at a maximum. For 
instance, for the production function on Clyde soil in 1959, 
if corn price were $1.00 and the fertilizer nutrient prices 
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Table 51. Optimum quantities of P2O5 and KgO and profits for 
corn on Cresco soil during specified years ; various 
corn and fertilizer prices 
Crop P2O5 KgO P2O5 
price price price rates 
Year $/bu. S/lb. b/lb. lbs./a. 
K2O Total Met Rtns. 
rates Yield cost rtns. per $ 
lbs./a. bu./a. $/a. #/a. inv. 
.70 .08 .03 21.6 19.0 73.4 2.30 15.93 7.93 
.10 .05 21.2 18.0 73.3 3.02 15.13 6.00 
.15 .09 20.3 16.1 73.0 4.49 13.41 3.99 
1 .00 .08 .03 22.1 19.4 73.5 2.35 23.75 11.11 
.10 .05 21.8 18.8 73.4 3.12 22-93 8.35 
.15 .09 21.1 17.4 73.3 4.74 21.14 5.46 
1 .80 .08 .03 22.6 19.9 73.5 2.40 44.66 19.59 
.10 .05 22.4 19.5 73.5 3.22 43.82 14.62 
.10 .09 22.0 18.8 73.5 4.99 41.94 9.40 
.70 .08 .03 19.7 23.0 67.3 2-27 9.35 5.12 
.10 .05 18.9 21.9 67.2 2-99 8.51 3.85 
.15 .09 16.9 19.6 66 .6 4.29 6.78 2.58 
1 .00 .08 .03 20.6 23.7 67.4 2.36 14.34 7.08 
.10 .05 20.0 23.0 67.4 3.15 13.47 5.28 
.15 .09 18.6 21.3 67.1 4.70 11.62 3.47 
1 .80 .08 .03 21.5 24.4 67.5 2.45 27.24 12.32 
.10 . 05 21.1 24.0 67.5 3.31 26.83 9.10 
.15 .09 20.3 23.1 67.4 5.13 24.85 5.84 
.70 .08 .03 23.3 23.0 91.0 2.56 11.64 5.55 
.10 .05 21.8 22.4 90.8 3.29 10.73 4.26 
.15 .09 17.9 21.0 90.0 4.57 8.88 2.94 
1. 00 .08 .03 25.1 23.4 91.2 2.71 17.76 7.55 
.10 .05 24.0 22.9 91.1 3. 55 16.80 5.73 
.15 .09 21.3 22.0 90.7 5.18 14.77 3.85 
1. 80 .08 .03 27.0 23.7 91.3 3.34 33.72 11.11 
.10 .05 26.4 23.5 91.3 3.82 33.19 9.70 
• 15 .09 24.9 22.9 91.2 5.80 30.98 6.34 
164 
Table 51. (Continued) 
Crop P2O5 KgO Pg°5 KgO Total Net Rtns. 
price price price rates rates Yield cost rtns. per $ 
Year |/bu. f/lb- #/lb. lbs./a. lbs./a. bu./a. $/a. $/a. inv. 
.70 .08 .03 23.9 26.1 79.4 2.69 10.27 4.82 
.10 .05 22.8 24.7 79.2 3.52 9.30 3.65 
.15 .09 20.3 21.7 78.4 5.00 7.29 2.46 
1.00 .08 .03 24.9 27.0 79.5 2.80 15.85 6.66 
.10 .05 24.2 26.0 79.4 3.72 14.83 4.99 
.15 .09 2c.4 23.9 79.0 5.51 12.67 3.30 
1.80 .08 .03 26.0 27.9 79.6 2.92 30.82 11.57 
.10 .05 25.6 27.3 79.6 3.93 29.76 8.58 
.15 .09 24.6 26.1 79.5 6.05 27.43 5.54 
increased from the average value to the high values, the opti­
mum fertilizer rates would be reduced by 3.0 pounds of Pg05 
and 1.7 pounds of KgO. The predicted optimum yield would be 
.5 bushels lower. Fertilizer cost, however, would be $6.68, 
#2.17 higher than before and would result in a maximum of 
#25.37 of profits. 
Changes in the fertilizer nutrient prices resulted in 
proportionally greater changes in the PgO§ rates than the KgO 
rates for corn on Clyde soil. Instead, the changes were sim­
ilar for both nutrients on Cresco soil. These results are in 
accordance with the findings of Chapter IV with respect to the 
nature of the corn response surfaces on each soil. Increases 
in PgO^ and KgO prices caused a reduction in profits and in 
the average returns to fertilizer. The reduction in profits, 
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however, was never so great as to result In losses. Simul­
taneous changes in crop and fertilizer prices tended to cancel 
or to strengthen the effects discussed above, according to 
whether the price shifts were in the same or in opposite direc­
tions . 
The results shown in Tables 50 and 51 sre in accordance 
with the theory of production. The most important finding is 
that the results were fairly consistent for the production 
functions of the years studied. Despite the fact that the 
optimum corn yields on a given soil differed between years 
due to weather, the estimated optimum fertilizer rates were 
similar for all years. The similarity of the optimum ferti­
lizer rates is of great interest for the problem of decision 
under uncertainty, and will be further examined in Section D. 
Analysis of the net returns from fertilizer shows that 
they were similar for any one price combination and for all the . 
production functions of corn on a given soil• Yield increases 
due to fertilizer were approximately equal in all years. An 
exception was corn on Clyde soil in 1956, that showed profits 
approximately 30 per cent higher than in other years. 
Comparison of the estimated optimum fertilizer rates, 
costs and returns for corn on Clyde and Cresco soils shows 
that although yields were generally higher on Cresco soil, 
greater quantities of nutrients should be applied to corn on 
Clyde soil, where profits were higher. For example, for the 
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average functions and at the medium prices, PgOg and KgO gave 
profits of $30.18 for corn on Clyde soil, versus #4.99 on 
Cresco soil. Differences in returns of the nature discussed 
become particularly important when limited capital is avail­
able for fertilizer. 
b. Oats Optimum PgOg and KgO quantities, yields and 
profits for oats on Clyde soil are presented in Table 52. 
While the results computed for oats are correct if oats are 
considered independently of the crop rotation, a more accurate 
analysis should include in the response the increased hay 
yields due to residual fertilizer. Such an analysis is con­
sidered briefly at the end of this section and in Chapter VII. 
Oats yields forthcoming from application of optimum rates 
of P%0$ and KgO were predicted at levels much lower than the 
maximum yields, due to the flat nature of the response sur­
faces. Hence, changes in the oats-fertilizer price ratios 
had greater consequences on the amounts of applied nutrients, 
costs and profits than in the case of corn. For example, for 
the average response function and with oats priced at $.60, 
if the PgOç and KgO prices were increased from $.10 and #.05, 
respectively, to §.15 and $.09, the fertilizer rates should be 
reduced by 13.8 pounds of PgOg and 13.5 pounds of KgO. The 
predicted yield would be 4.4 bushels lower, and profits would 
be reduced from $<:. 56 to #.67 per acre. 
The effects of changes in oats prices were consistent for 
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Table 52. Optimum quantities of PgOg and KgO and profits 
for oats on Clyde soil during specified years, 
various oats and fertilizer prices 
Crop PgOg KgO PgO$ KgO Total Net Rtns. 
price price price rates rates Yield cost rtns. per $ 
Year $>/bu. I/lb. |/lb. lbs./a. lbs./a. bu./a. $'/a. I/a. inv. 
1948 
1951 
1954 
. 55 .08 .03 4.9 14.1 49.8 .82 .21 1.25 
.10 .05 0.0 3.7 48.2 .18 .04 1.22 
.15 .09 0.0 0.0 47.9 
.60 .08 .03 9.0 15.7 50.4 1.19 .32 1.27 
.10 .05 o.o 5.8 48.4 .29 .01 1.03 
.15 .09 0.0 0.0 47.9 
— 
.90 .08 .03 24.2 21.4 52.3 2.57 1 .42 1.55 
.10 .05 16.3 14.7 51.2 2.36 .65 1.28 
.15 .09 0.0 0.0 47.9 - -
.55 .08 .03 31.5 31.7 65.0 3.47 2 .26 1.65 
.10 .05 22.8 22.7 62.9 3.42 1 .18 1.34 
.15 .09 1.8 4.8 55.7 .64 .02 1.04 
.60 .08 .03 34.1 33.1 65.4 3.72 2 .80 1.75 
.10 .05 26.2 24.9 63.7 3.86 1 .61 1.42 
.15 .09 6.9 7.8 57.6 1.74 .13 1.08 
.90 .08 .03 43.7 38.3 66.7 4.64 6 • 29 2.35 
.10 .05 38.4 32.8 65.9 5.48 4 .76 1.87 
.15 .09 25.6 21.4 63.2 5.76 2 .07 1.36 
.55 .08 .03 41.6 39.4 39.1 4.51 4 .57 2.01 
.10 .05 33.9 32.7 37.3 5.02 3 .09 1.62 
.15 .09 15.5 18.4 31.3 3.98 .83 1.21 
.60 .08 .03 43.8 40.6 39.4 4.72 5 .40 2.14 
.10 .05 36.7 34.5 38.0 5.40 3 .85 1.71 
.15 .09 19.9 21.4 32.9 4.90 1 .31 1.27 
.90 .08 .03 51.9 45.0 40.5 5.50 1 .66 2-94 
.10 .05 47.2 40.9 39.9 6.77 8 .81 2.30 
.15 .09 36.0 32.2 37.6 8.29 5 .27 1.64 
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Table 52. (Continued) 
Crop P2O5 KgO PgOs 
price price price rates 
Year $/bu. I/lb. I/lb. lbs./a. 
KgO Total Net Rtns. 
rates Yield cost rtns. per $ 
lbs./a. bu./a. $/a. #/a. inv. 
1957 .55 .08 .03 34.5 29.0 64.2 3.63 5.67 2.56 
.10 .05 31.4 23.3 63.3 4.31 4.48 2-04 
.15 .09 24.6 16.6 61.0 4.86 2.68 1.55 
.60 .08 .03 35.4 29.8 64.3 3.73 6.52 2.75 
.10 .05 32.6 24.6 63.6 4.49 5.29 2.18 
.15 .09 25.7 14.0 60.9 5.12 3.06 1.60 
.90 .08 .03 38.7 32.9 64.8 4.09 11.73 3.87 
.10 .05 36.8 29.5 64.5 5.16 10.35 3.01 
.15 .09 32.3 22.4 63.3 6.85 7.58 2.11 
.55 .08 .03 32.4 41.3 64.8 3.83 4.36 2-14 
.10 .05 26.6 34.6 63.3 4.39 3.01 1.69 
.15 .09 12.1 21.2 58.3 3.72 .93 1.25 
.60 .08 .03 34.3 42.1 65.1 4.01 5.11 2.27 
.10 .05 29.0 36.0 63.9 4.70 3.70 1.79 
.15 .09 15.7 23.7 59.7 4.49 1.38 1.31 
.90 .08 .03 41.4 45.2 66.0 4.67 9.84 3.11 
.10 .05 37.8 41.2 65.5 5.84 8.18 2.40 
• 15 .09 29.0 33.0 63.6 7.31 5.03 1.69 
.55 .08 .03 32.4 32.2 56.6 3.56 3.16 1.89 
.10 .05 26.4 24.9 55.0 3.88 2.01 1.52 
.15 .09 11.6 9.9 49.8 2.64 .36 1.14 
.60 .08 .03 34.2 33.3 56.9 3.74 3.78 2.01 
.10 .05 28.7 26.6 55.6 4.20 2.56 1.61 
.15 .09 15.2 12.8 51.2 3.44 .67 1.20 
.90 .08 .03 40.9 37.4 57.8 4.39 7.71 2.75 
.10 .05 37.2 32.9 57.2 5.37 6.23 2.16 
.15 .09 28.2 23.7 55.2 6.37 3.46 1.54 
169 
all oats production functions. However, the optimum quantities 
of applied nutrients differed considerably between years. For 
example, comparison of the years 1951 and 19 54 at the medium 
prices shows that in 1954, 9.6 pounds of PgOg and 10.5 pounds 
of KgO more than In 1951 should have been applied. The re­
sponse to the applied nutrients was stronger in 1954, yielding 
greater net returns to fertilizer in spite of the total yield 
having been lower than in 1951, due to the weather conditions. 
Therefore, the weather x fertilizer interactions described in 
Chapter V appeared to be Important in determining the economic 
rates of fertilization for oats. 
Comparison of results for corn and oats shows that apply­
ing fertilizer to corn was far more profitable than applying 
it to oats. Net returns to fertilizer and returns per dollar 
invested were Invariably higher for corn on both soils. For 
example, at the medium crop and fertilizer nutrient prices, 
profits for the average response functions of corn on Clyde 
and Cresco soils were §30.18 and $14.83, respectively, while 
profits for the average oats response were only $2.56. The 
significant difference in profits from fertilizer applications 
to different crops has important implications when funds for 
purchase of fertilizer sre limited. A problem of this nature 
is analyzed in Chapter VII. 
3. Hay Optimum rates of fertilizer application 
should not be estimated for hay by the same procedure used 
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above, since the hay response was to residual fertilizer. Any 
hay yield increases should be considered as net profits as 
long as the cost of fertilizer was charged to the preceding 
crops in the rotation. In addition, an allowance for in­
creased costs of harvesting should be made when computing 
profits for hay. This aspect was not considered in the 
present analysis. In spite of such limitations, determination 
of optimum fertilizer rates and profits for hay as if its re­
sponse were to a direct fertilizer application was considered 
of interest. The information obtained would be useful in the 
case of failure of corn or oats crops, raising the question 
whether or not the increased returns from hay would cover all 
the fertilizer expenses. 
Economic optimum quantities of PgOs and KgO application 
to the meadow for two years on Clyde and Cresco soils are 
presented in Tables 53 and 54. Changes in hay and fertilizer 
nutrient prices produced changes in the estimated fertilizer 
rates, in yields, costs and profits of the same nature as 
were discussed for corn and oats. Net returns to fertilizer 
were positive and in general higher for hay than for oats. 
Net returns were high in spite of considering the hay response 
as response to the total amount of fertilizer applied to the 
crop rotation. Hence, an economic evaluation of fertilizer 
applications to the C-O-M rotation should account for the 
added returns due to hay residual response. This kind of 
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Table 53. Optimum quantities of PgOs and KgO and profits for 
hay on Clyde soil during specified years, various 
hay and fertilizer prices 
Crop Pg05 KgO PgOg KgO Total Net Rtns. 
price price price rates rates Yield cost rtns. per I 
Year f/t. I/lb. %>/lb. lbs./a. lbs./a. t./a. #/a. I/a. Inv. 
10 
o
 
o
 .08 .03 64.2 81.7 4.33 7.59 8.46 2.11 
.10 .05 54.8 64.2 4.18 8.69 5.81 1.67 
.15 .09 32-8 27.7 3.65 7.41 1.78 1.24 
15 .00 .08 .03 74.3 92.9 4.43 8.73 16.78 2.92 
• 10 .05 68.1 81.2 4.36 10.87 13.61 2.25 
.15 .09 53 .4 56.9 4.12 13.13 7.81 1.60 
20 .00 .08 .03 79.4 98.5 4.46 9.31 25.38 3.73 
.10 .05 74.7 89.7 4.42 11.96 21.95 2.84 
.15 .09 63.7 71.5 4.29 15.98 15.27 1.96 
10 .00 .08 .03 63.0 72.6 3.55 7.22 5.08 1.70 
• 10 .05 48.6 45.8 3.31 7.15 2.78 1.39 
.15 .09 18.0 0 2.63 2.70 .42 1.16 
15 .00 .08 .03 77.6 90.6 3.69 8.93 11.66 2.30 
.10 .05 68.0 72.7 3.58 10.44 8.57 1.82 
.15 .09 45.9 35.1 3.22 10.04 3.56 1.36 
20 .00 .08 .03 85.0 99.6 3.74 9.78 18.66 2.91 
.10 .05 77.8 86.1 3.68 12.08 15.18 2.26 
.15 .09 61.1 57.9 3.48 14.39 8.82 1.61 
analysis is performed in Chapter VII and in the following para­
graphs . 
d. Joint oats-hay optimization Given the limitations 
in the economic analysis of oats and hay fertilization pointed 
out above, an alternative procedure was_used to determine the 
economic optimum rates of PgO$ and KgO application to oats 
and hay. 
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Table 54. Optimum quantities of P0O5 and KgO and net profits 
for hay on Cresco soil during specified years, 
various hay and fertilizer prices 
Crop PgOs KgO PgOg KgO Total Net Rtns. 
price price price rates rates Yield cost rtns. per 5 
Year #/t. I/lb. #/lb. lbs./a. lbs./a. t./a. #/a. I/a• inv. 
10.00 .08 . 03  30.7 47 .3  3 .62  3.87 3 .14  1.81 
.10 .05 12.0 38.5 3.42 3.13 1.86 1.59 
.15 .09 0 21.8 3.17 1.96 .58 1.29 
15.00 .08 . 03  55.1 51.9 3.79 5.97 7.18 2 .20  
.10 .05 42.7 46.2 3.70 6.58 5 .22  1.79 
• 15 .09 11.8 34.4 3.39 4.87 2 .24  1.46 
20 .00  .08 .03 67.3 54.3 3 .85  7.02 11.73 2 .67  
.10 .05 58.0 50.0 3 .80  8 .30  9 .44  2.14 
.15 .09 34 .9 41.2 3.63 8 .94  5.29 1.59 
10.00 .08 . 03  59 .0 47 .2  3.70 6.13 6 .42  2.05 
.10 .05 51.6 24 .6  3.55 6 .38  4.60 1.72 
.15 .09 35.4 0 3 .20  5.31 2.19 1.41 
15.00 .08 . 05  67.5 59.7 3.79 7 .20  12.97 2.80 
.10 .05 62 .6  44.7 3.72 8 .49  10.62 2-25 
.15 .09 50.8 14.1 3 .48  8 .88  6.61 1.74 
20.00 .08 .03 71.8 66.0 3 .82  7 .73  19.78 3.56 
.10 . 05 68.1 54.8 3.78 9.55 17.17 2.80 
• 15 .09 59.2 31 .8  3.65 11.75 12 .26  2.04 
The oats and hay functions were converted to value func­
tions by weighting each one by the average price of the crops 
(oats #.60 and hay $15.00).^ The oats and hay in any one 
rotation cycle received two-thirds of the total amount of 
fertilizer applied to the rotation, thus the value functions 
l?or further explanation of the procedure, see Chapter 
VII, Section B. 
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were estimated as response to that amount of fertilizer. 
Economic optimum rates of PgOg and KgO and net returns to 
fertilizer when the nutrients are valued at the average prices 
were computed for three rotation cycles on Clyde and Cresco 
soils. Different crop and fertilizer nutrient prices were 
not considered since the effects of price changes would be 
similar to those analyzed for each crop Individually. Results 
are presented in Table 55. 
The estimated fertilizer rates were higher than if oats 
alone were considered; profits were greater than for each of 
the two crops alone, and average returns per dollar invested 
were considerably higher. However, in comparison with the 
Table 55. Optimum quantities of PgOg and KgO and profits for 
oats-hay jointly on Clyde and Cresco soils, during 
specified years, crops and fertilizer nutrients at 
the average prices 
Soil Years 
PgOs 
rates 
lbs./a. 
KgO 
rates 
lbs./a. 
Yield 
Sr /a • 
Total 
cost 
S/a • 
Net 
returns 
#/a. 
Returns 
per $ 
invested 
Clyde 1951-2 53.3 56.3 106.85 8.14 25.07 4.08 
1954-5 41.5 68.9 61.62 7.60 15.90 3.09 
1957-8 48.6 47.7 93.11 7.24 25.74 4.56 
Cresco 1951-2 56.5 47.6 94.11 8.03 18.86 3.35 
1954-5 47.4 60.0* 80.40 7.74 26.71 4.45 
1957-8 50.2 33.5 89.75 6.70 19.18 3.86 
aThe maximum applied rate of KgO In the experiment. 
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results for corn In Tables 50 and 51, corn gave larger profits 
and higher average returns than oats and hay considered simul­
taneously. 
2» Common fertilizer mix 
Farmers customarily use fertilizers that have the nutri­
ents mixed in a set proportion rsther than buying the plant 
nutrients separately and mixing them in an optimum, or least-
cost combination. The difference between types of fertilizers 
can be appraised from Figure 13. The expansion path represents 
the least-cost nutrient combination, whereas the fixed-ratio 
lines show the nutrient combinations for three common ferti­
lizer mixtures. 
The consequences of using some fertilizer mixes are 
presently analyzed from the standpoint of profits. The three 
PgOg and KgO mixtures most commonly used in Iowa (17) are 
0-20-20, 0-20-10 and 0-12-36. These three mixes are used for 
the subsequent analysis. 
A fixed-proportion fertilizer mixture constitutes a 
single input. Therefore, the production functions of type 
(3.1) used in the present study were transformed to one-input 
production functions of type: 
(6.1) Y = bQ' + bx'F + bg'F2 , 
where F represents a. particular fertilizer mixture, according 
to the following factors : 
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Figure 13. Relation between common fertilizer mixtures and 
optimum nutrient combinations 
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0-20-20 mix 
h . _ b5 + b4 + b5 
b2 25 5 
0-20-10 mix 
4bg + b4 + 2bg 
100 
0—12—3 6 mix 
The yield intercept, bQ, remains unchanged. Production func­
tion (6-1) is thus expressed in terms of pounds of fertilizer 
mix per acre. 
Economic optimum rates of application of a given mix were 
computed according to the procedures explained in Chapter III, 
applied to one-input production functions. The fertilizer 
mixtures were valued at prices corresponding to the average 
prices of PgOg and KgO. The same three crop prices used in 
Section B were used in the derivation of economic optima* 
The optimum fertilizer quantities obtained were rounded to 
the nearest 10 pounds. Results are presented in Tables 56 
through 59. 
a. Corn Changes in corn prices did not greatly alter 
the amounts of a given mixture used. The 0-20-10 mix showed 
the greatest variation, within approximately 30 pounds. As a 
consequence, yields and costs were fairly constant; profits 
and average returns increased in proportion to the rise in 
price• Furthermore, changes in crop prices did not affect 
profits in a way that suggested a shift from one fertilizer 
mix to another. 
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Table 56. Optimum rates of three common fertilizer mixtures 
applied individually to corn on Clyde soil during 
several years ; various corn prices 
Ferti- Crop Fert. Total Net Returns 
llzer price rate Yield cost returns per $ 
Year typea ?/bu. lbs./a. bu./a. S/a. $/a. invested 
1950 0-20-20 
0-20-12 
0-12-36 
0-20-20 
0-20-10 
0-12-36 
0-20-20 
0—20—10 
0-12-36 
1953 0-20-20 
0-20-10 
0-12-36 
0-20-20 
0-20-10 
0-12-36 
0-20-20 
0-20-10 
0-12-36 
1956 0-20-20 
0-20-10 
0-12-36 
0-20-20 
0-20-10 
0-21-36 
0-20-20 
0-20-10 
0-12-36 
.70 150 
190 
80 
1.00 160 
210 
80 
1.80 160 
220 
90 
.70 140 
130 
80 
1.00 150 
130 
90 
1.80 150 
140 
90 
.70 140 
220 
70 
1.00 140 
230 
70 
1.80 140 
240 
70 
55.5 4.50 
49.9 4.75 
49.2 2.40 
55.8 4.80 
50.5 5.25 
49.2 2-40 
55.8 4.80 
50.7 5.50 
49.4 2-70 
69.4 4.20 
55.9 3.25 
66.2 2.40 
69.7 4.50 
55.9 3.25 
66.6 2.70 
69.7 4.50 
56.1 3.50 
66.6 2.70 
87.1 4.20 
82.7 5.50 
82.9 2.10 
87.1 4.20 
83.0 5.75 
82.9 2.10 
87.1 4.20 
83.2 6.00 
82.9 2-10 
17.43 4.87 
13.29 3.80 
15.15 7.31 
26.84 6.59 
21.14 5.03 
22.67 10.44 
52.16 11.87 
42-28 8.69 
42.80 16.85 
17.25 5.11 
8.79 3.70 
16.81 8.00 
26.47 6.88 
13.95 5.29 
25.14 10.31 
51.24 12.39 
27.82 8.95 
47.41 18.56 
25.88 7.16 
21.45 4.90 
25.01 12.91 
38.78 10.23 
33.09 6.76 
36.63 18.44 
73.16 18.42 
64.32 11.72 
67.62 33.20 
^Fertilizer prices are: 0-20-20, #3.00 per cwt.; 0-20-10, 
$2.50 per cwt.; 0-12-36, $3.00 per cwt. 
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Table 56. (Continued) 
Year 
Ferti­
lizer 
type8 
Crop 
price 
l/bu. 
Fert. 
rate 
lbs ./a. 
Yield 
bu./a. 
Total 
cost 
S/a. 
Net 
returns 
$/a. 
Re turns 
per S 
invested 
1959 0-20-20 
0-20-10 
0-12-36 
.70 160 
160 
80 
86.9 
74.1 
33.6 
4.80 
4.00 
2.40 
17.58 
8.01 
16.28 
4 .66 
3.00 
7.78 
0-20-20 
0-20-10 
0-12-36 
1.00 170 
170 
80 
89.3 
74.4 
83.6 
5.10 
4.25 
2.40 
27.26 
13.21 
24.29 
6.34 
4.11 
11.12 
0-20-20 
0-20-10 
0-12-36 
1.80 180 
180 
80 
89.40 
74.6 
83.6 
5.40 
4.50 
2.40 
53.19 
27.29 
45.64 
10.85 
7.06 
20.02 
Av. 0-20-20 
0-20-10 
0-12-36 
.70 140 
170 
80 
74.7 
64.5 
70.5 
4.20 
4.25 
2.40 
19.44 
12.23 
18-25 
5.63 
3.88 
8.60 
0-20-20 
0-20-10 
0-12-36 
1.00 150 
180 
80 
75.2 
64.8 
70.5 
4.50 
4.50 
2.40 
29.68 
19.36 
27.10 
7.57 
5.30 
12-29 
0-20-20 
0-20-10 
0-12-36 
1.80 150 
190 
80 
75.2 
65.0 
70.5 
4.50 
4.75 
2.40 
57.02 
38.56 
50.70 
13.67 
9.12 
22.13 
Of greater Interest were the consequences of using dif­
ferent fertilizer mixtures, given a constant crop price. The 
estimated optimum quantities of mixes varied considerably, not 
only in actual poundage, but also in total nutrient content. 
For example, for the average function on Clyde soil, 150 
pounds of 0-20-20 should be applied; that is, 30.0 pounds of 
PgOg and 30.0 pounds of KgO nutrients. If the 0-20-10 mix 
were used 180 pounds should be applied; that is, 36.0 pounds 
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Table 57. Optimum rates of three common fertilizer mixtures 
applied individually to corn on Cresco soil during 
several years; various corn prices 
Year 
Ferti­
lizer 
type 
Crop 
price 
l/bu. 
Fert. 
rate 
lbs./a. 
Yield 
bu./a. 
Total 
cost 
l/a. 
Net 
returns 
l/a. 
Returns 
per $ 
invested 
1950 0-20-20 
0-20-10 
0-12-36 
.70 100 
110 
80 
73.2 
72.2 
65.3 
3.00 
2.75 
2.40 
15.05 
14.60 
10.17 
6.02 
6.31 
5.24 
0-20-20 
0-20-10 
0-12-36 
1.00 100 
120 
80 
73.2 
72.4 
65.3 
3.00 
3.00 
2-40 
22.78 
22.05 
15.56 
8.59 
8.35 
7.48 
0-20-20 
0-20-10 
0-12-36 
1.80 110 
120 
80 
73.5 
72.4 
65.3 
3.30 
3.00 
2.40 
43.64 
42.09 
29.93 
14.22 
15.03 
13.47 
1953 0-20-20 
0-20-10 
0-12-36 
.70 100 
100 
60 
67.0 
63.6 
62.0 
3.00 
2.50 
1.80 
8.41 
6.49 
6.05 
3.80 
3.59 
4.36 
0-20-20 
0-20-10 
0-12-36 
1.00 110 
110 
70 
67.4 
63.8 
62.3 
3.30 
2.75 
2-10 
13.32 
10.35 
9.48 
5.04 
4.76 
5.51 
0-20-20 
0-20-10 
0-12-36 
1.80 110 
110 
70 
67.4 
63.8 
62.3 
3.30 
2.75 
2.10 
26.61 
20.83 
18.75 
9.06 
8.57 
9.93 
1956 0-20-20 
0-20-10 
0—12—36 
• 70 110 
150 
70 
90.8 
89.4 
87.1 
3.30 
3.75 
2.10 
10.73 
9.32 
9.37 
4.25 
3.48 
5.46 
0-20-20 
0-20-10 
0— 1 'c—3 6 
1.00 120 
160 
70 
91.1 
89.7 
87.1 
3.60 
4.00 
2.10 
16.77 
14.98 
14.28 
5.66 
4.75 
7.80 
0-20-20 
0-20-20 
0-12-36 
1.80 120 
170 
70 
91.1 
89.9 
87.1 
3.60 
4.25 
2.10 
33.07 
30.28 
27.39 
10.19 
8.12 
14.04 
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Table 57. (Continued) 
Year 
Ferti­
lizer 
type 
Crop 
price 
l/bu. 
Fert. 
rate 
lbs./a. 
Yield 
bu./a. 
Total 
cost 
l/a. 
Net 
returns 
$/a. 
Returns 
per $ 
invested 
Av. 0-20-20 
0-20-10 
0-21-36 
.70 120 
120 
80 
79.2 
76.1 
73.4 
3.60 
3.00 
2.40 
9.26 
7.69 
6.40 
3.57 
3.56 
3.66 
0-20-20 
0-20-10 
0-12-36 
1.00 120 
130 
80 
79.2 
76.4 
73.4 
3.60 
3.25 
2.40 
14.78 
12.33 
10.17 
5.11 
4.79 
5.24 
0-20-20 
0-20-10 
0-12-36 
1.80 130 
140 
80 
79.5 
76.6 
73.4 
3.90 
3 .50 
2.40 
29-70 
24.82 
20.22 
8.62 
8.09 
9.43 
of PgOg and 18.0 pounds of KgO nutrients. The optimum rate 
of 0-12-36 would be 80 pounds; that is, 9.6 pounds of PgO§ and 
28.8 pounds of KgO nutrients. 
Yields varied by as much as 15.0 bushels due to the use 
of different fertilizer mixes and great variation In profits 
occurred, particularly at the high crop price. For instance, 
for the average corn response on Clyde soil use of the 0-20-10 
mix instead of the 0-20-20 mix resulted in a 910.32 per acre 
reduction in profits, when the corn price was $1.00. The re­
duction in profits was $18.46 when the crop price was assumed 
at $1.80 per bushel. The 0-20-20 mixture always produced the 
highest profits. The next best mixture for corn on Clyde soil 
was 0-12-36, while the 0-20-10 mix was the next best one for 
corn on Cresco soil. The 0-12-36 mix involved the smallest 
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outlay for fertilizer and usually gave the highest returns per 
dollar invested in fertilizer on Clyde soil. That two differ­
ent mixtures gave the greatest profits and the greatest aver­
age returns is an important finding. If a limited amount of 
capital were available for fertilizer, a change in the type of 
fertilizer mixture would be more convenient than to reduce the 
amounts applied of a given mix. This topic will be further 
developed in Section C. 
The estimated optimum quantities of 0-20-20 mix for the 
several years studied were very similar. For example, with 
corn valued at §1.00, the rates of fertilization varied between 
140 and 170 pounds per acre. The greatest variation occurred 
for mixture 0-20-10; the instability of results for this mix 
suggests once more that the 0-20-10 fertilizer mixture was not 
the most appropriate one for corn on the soils under study. 
b. Oats The optimum rates of mixed fertilizers and 
profits for oats are presented in Table 58. The oats during 
the year 1948 should not have received fertilizer under any 
price combinations; so they were omitted from Table 58. 
With respect to changes in crop price and in kind of fer­
tilizer mix, the same general comments made for corn apply to 
oats. The largest profits were obtained from application of 
the 0-20-20 mix. However, profits were considerably smaller 
than for corn. For the average oats response on Clyde soil 
with oats valued at $.60 the optimum quantity of 0-20-20 mix, 
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Table 58. Optimum rates of three common fertilizer mixtures 
applied individually to oats on Clyde soil during 
several years; various oats prices 
Ferti- Crop Fert. Total Net Returns 
lizer price rate Yield cost returns per $ 
Year type $/bu. lbs./a. bu./a. S/a. $/a. invested 
1851 0-20-20 
0-20-10 
0-12-36 
0-20-20 
0-20-10 
0-12-36 
0-&0-20 
0-20-10 
0-12-36 
1954 0-20-20 
0-20-10 
0-12-36 
0-20-20 
0-20-10 
0-12-36 
0-20-20 
0-20-10 
0-12-36 
1957 0-20-20 
0-20-10 
0-12-36 
0-20-20 
0-20-10 
0-12-36 
0-20-20 
0-20-10 
0-12-36 
.55 110 
130 
70 
.60 130 
150 
80 
.90 180 
210 
100 
.55 170 
190 
90 
•60 18Ô 
210 
100 
.90 220 
260 
110 
.55 150 
160 
90 
.60 150 
170 
90 
.90 170 
190 
110 
62.7 
62.3 
59.9 
3.30 
3.25 
2.10 
63.7 
63.2 
60.4 
3.90 
3.75 
2.40 
65.8 
65.2 
61.3 
5.40 
5.25 
3.00 
37.4 
35.9 
31.3 
5.10 
4.75 
2.70 
37.9 
36.7 
31.8 
5.40 
5.25 
3.00 
39.6 
38.4 
32.2 
6.60 
6.50 
3.30 
63.4 
62.5 
56.3 
4.50 
4.00 
2.60 
63.4 
62.9 
56.3 
4.50 
4.25 
2-70 
64.3 
63.6 
57.2 
5.10 
4.75 
3.30 
1.17 1.36 
1.02 1.31 
.86 1.41 
1.61 1.41 
1.43 1.38 
1.13 1.47 
4.71 1.87 
4.38 1.83 
3.05 2.02 
3.09 1.60 
2.57 1.54 
2.12 1.78 
3.84 1.71 
3.26 1.62 
2.56 1.85 
8.72 2.32 
7.79 2.20 
5.41 2.64 
4.37 1.97 
4.37 2.09 
2.29 1.85 
5.18 2.15 
5.14 2.21 
2-74 2.01 
10.20 3.00 
9.94 3.09 
5.66 2.72 
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Table 58. (Continued) 
Year 
Ferti­
lizer 
type 
Crop 
price 
%/bu. 
Fert. 
rate 
lbs./a. 
Yield 
bu./a. 
Total 
cost 
$/a • 
Net 
returns 
$/s. 
Returns 
per $ 
invested 
1960 0-20-20 
0-20-10 
0-12-36 
. 55 150 
170 
110 
63.4 
62.0 
60.7 
4 .50 
4.25 
3 .30 
2.96 
2.43 
2.66 
1.66 
1.57 
1.80 
0-20-20 
0-20-10 
0-12-36 
.60 160 
180 
120 
64.0 
62. 5 
61.2 
4.80 
4.50 
3.60 
3.65 
3.06 
3.20 
1.76 
1.68 
1.89 
0-20-20 
0-20-10 
0-12-36 
.90 200 
230 
140 
65.6 
64.2 
62.0 
6.00 
5.75 
4.20 
8.16 
7.15 
6.69 
2.36 
2.24 
2.59 
Av. 0-20-20 
0-20-10 
0-12-36 
.55 130 
150 
80 
55.1 
54.4 
51.2 
3.90 
3.75 
2.40 
2.00 
1.80 
1.38 
1.51 
1.48 
1.57 
0-20-20 
0-20-10 
0-12-36 
.60 140 
160 
90 
55.6 
54.8 
51.7 
4.20 
4.00 
2.70 
2.55 
2.31 
1.72 
1.61 
1.58 
1.64 
0-20-20 
0-20-10 
0-12-36 
.90 180 
200 
110 
57.2 
56.2 
52.5 
5.40 
5.00 
3.30 
6.19 
5.72 
4.04 
2.15 
2-14 
2.22 
140 pounds per acre, would result in profits of $2.55. If 160 
pounds of 0-20-10 were used, profits would be reduced by $.24 
to $2.31. If 0-12-36 were applied, 90 pounds per acre would 
yield profits of only §1.72. As for corn, however, the 0-12-36 
mix involved the smallest outlay for fertilizer and resulted 
in the highest returns per dollar invested. 
c. Joint oats-hay optimization Due to the limitations 
of a separate economic analysis of the oats and hay crops 
184 
pointed out in Subsection 1, the optimum rates of mixed ferti­
lizers were estimated jointly for oats and hay. Results for 
Clyde soil are presented in Table 59. 
The highest yields and profits were attained with appli­
cations of c40 to 270 pounds per acre of the 0-20-20 mix. In 
two of the three sets of yee.rs studied, the 0-12-36 mix in­
volved the smallest expenditure and resulted in higher returns 
Table 59. Optimum retes of three common, fertilizer mixtures 
applied individually to oats-hay jointly on Clyde 
soil, during specified years; average crop prices 
Fertilizer 
type Years 
Fe rt. 
rate 
lbs./a• 
Yields 
S/a. 
Total 
cost 
v/ 9 • 
Net  
returns 
•$?/8- • 
Returns 
per # 
invested 
0-20-20 1951-2 270 106.75 8.10 25.01 4.09 
1954-5 240 59.44 7.20 14.12 2.96 
1957-8 240 90.06 7.20 22.73 4.16 
0—20—10 1951-2 280 102.08 7.00 21.44 4.06 
1954-5 210 52-93 5.25 9.56 2 .82  
1957-8 250 86.84 6.25 20.46 4.27 
0-12-36 1951-2 180 95.86 5.40 16.82 4.11 
1954-5 200 58.05 6.00 13.93 3.32 
1957-8 160 78.40 4.80 13.47 3-80 
per dollar invested in fertilizer. Both the estimated optimum 
rates of mixed fertilizers and profits were considerably 
higher for the oats-hay taken jointly than for the oats alone, 
as can be observed by comparing the relevant data of Tables 
58 and 59. 
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In conclusion, results for the optimum nutrient combina­
tions and for the common mixes can be compared. By defini­
tion, the optimum nutrient combinations always yielded the 
highest profits. The 0-20-20 mix was the best fertilizer mix 
of the three analyzed for all crops. The optimum rates of 
application of the 0-20-20 mix generally resulted In profits 
nearly identical to those obtained from use of the optimum 
nutrient combinations, as is shown for some of the response 
functions summarized in Table 60. 
Table 60. Profits obtained from application of optimum PgOg 
and KgO nutrient combinations and 0-20-20 mix; 
average crop and fertilizer prices 
Crop and Optimum nutrient 0-20-20 
function Soil combination mix 
Corn, average 
Corn, average 
Oats, average 
Oats-hay, 1951-1952 
Clyde 
Cresco 
Clyde 
Clyde 
Profits ($/a.) 
30.18 29.68 
14.83 14.78 
2.56 2.55 
25.07 25.01 
Finally, the main problem is whether ex-ante optimum 
nutrient combinations can be specified which are superior to 
a common fertilizer mix from the standpoint of maximizing 
profits over a period of years. This problem is Important 
for decision making and is analyzed in Section D. 
186 
G. Limited Capital Situation 
In Section B unlimited funds were assumed to be available 
for purchasing fertilizer. The criterion for determining the 
optimum quantities of nutrient application to crops was max­
imization of profits. But, if capital were limited, a more 
lenient criterion for resource allocation would be to maximize 
the rate of returns on investment. The optimum fertilizer 
rates In such a case are obtained from the solution of equa­
tions of type (3.13), as outlined in Chapter III. 
Fixed costs'1' are assumed at three levels : $.80, 51.30 
and $1.80. The average crop prices only are used for the 
analysis, since in Chapter III the estimated fertilizer rates 
were shown to be independent of the crop price. The prices of 
the fertilizer nutrients are the same as in Section B. Ferti­
lizer rates that maximize the rate of returns per dollar in­
vested are computed for cases when nutrients are combined in 
optimum proportions as well as when some common fertilizer 
mixes are used. 
1. Optimum nutrient combination 
The P2O5 and KgO quantities for corn and oats that max-
^The average fixed costs of $1.30 are based on cost 
accounting experience (20, p. 121). Fixed costs include de­
preciation, interest, housing, taxes, repairs, fuel and labor. 
The high and low fixed costs used in the analysis are hypo­
thetical. 
imize the rate of returns per dollar Invested In fertilizer 
are presented in Tables 61, 62 and 63. Results for some of 
the production functions for corn and oats are presented. 
a. Corn In general, the estimated rates of ferti­
lizer application for corn were much lower than the profit 
maximizing rates derived in Section B. The nutrient combina­
tions for corn on Clyde soil that maximized the rate of returns 
Table 61. Quantities of P0O5 and KgO required to maximize 
returns per dollar invested, corn on Clyde soil; 
average corn price 
Fixed PgO$ KgO PgO$ KgO Total Net Rtns. 
cost price price rates rates Yield cost rtns. per S 
Year # S/lb. $/lb. lbs./a. lbs./a. bu./a. S/a. $/a. inv. 
1953 
Av. 
.80 .08 .03 0.0 18.4 56.8 1.35 16.78 13.41 
.80 .10 .05 0.0 16.4 55.9 1.62 15.57 10.62 
.80 .15 .09 0.0 13.9 54.4 2.05 13.63 7.65 
1.30 .08 .03 2.8 21.2 60.2 2.16 19.32 9.92 
1.30 .10 .05 1.1 18.7 67.9 2.35 16.87 8.18 
1.30 .15 .09 0.0 15.9 55.7 2.73 14.22 6.20 
1.80 .08 .03 6.9 23.6 63 .8 3.06 22.00 8.19 
1.80 .10 .05 5.1 21.4 61.9 3.38 19.83 6.87 
1.80 .15 .09 1.2 17.7 57.5 3.57 15.24 5.27 
.80 .08 .03 0.0 18.6 63.0 1.36 20. 56 16.24 
.80 .10 .05 0.0 16.5 61.9 1.62 19.25 12.84 
.80 .15 .09 0.0 14.0 60.0 2.06 16.97 9.24 
1.30 .08 .03 0.0 "20.3 63.7 1.91 20.85 11.93 
1.30 .10 .05 0.0 18.5 63.0 2.22 19.76 9.89 
1.30 • 15 .09 0.0 16.1 61.6 2.75 17.84 7.50 
1.80 .08 .03 0.0 21.2 64.1 2-44 20.64 9.47 
1.80 .10 .05 0.0 19.6 63.5 2.78 19.74 8.09 
1.80 .15 .09 0.0 17.4 62.4 3.37 18.07 6.36 
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Table 62. Quantities of P2O5 
returns per dollar 
average corn price 
and KgO required to maximize 
invested, corn on Cresco soil; 
Fixed PgOg KgO PgOg KgO Total Net Rtns. 
cost price price rates rates Yield cost rtns. per # 
Year $ <|>/lb. s?/lb• lbs • /a• lbs «/a» bu• /a • $/a• S/a • inv • 
.80 .08 .03 10.4 15.5 63.6 2.10 10.80 6.15 
.80 .10 .05 9.8 13.6 62.9 2.46 9.72 4.96 
.80 .15 .09 8.5 11.2 61.6 3.08 7.77 3.52 
1.30 .08 .03 12.6 17.3 64.9 2.83 11.38 5.02 
1.30 .10 .05 11.8 15.5 64.3 3.26 10.29 4.16 
1.30 .15 .09 10.3 13.1 63.0 4.03 8.28 3.06 
1.80 .08 .03 14.1 18.5 65.6 3.48 11.43 4.28 
1.80 .10 .05 13.2 16.7 65.1 3.96 10.38 3.62 
1.80 .15 .09 11.6 14.4 64.0 4.84 8.38 2.73 
.80 .08 .03 12.3 16.9 74.8 2.29 11.70 6.11 
.80 .10 .05 11.7 14.4 74.0 2.69 10.47 4.90 
.80 .15 .09 10.3 11.4 72.5 3.37 8.26 3.45" 
1.30 .08 .03 14.8 19.0 76.3 3.06 12.43 5.06 
1.30 .10 .05 14.0 16.5 75.6 3.53 11.18 4.17 
1.30 .15 .09 12.4 13.5 74.1 4.37 8.89 3.03 
1.80 .08 .03 16.6 20.3 77.2 3.74 12.59 4.37 
1.80 .10 .05 15.6 18.0 76.5 4.26 11.36 3.66 
1.80 .15 .09 13.8 15.1 75.2 5.23 9.07 2.73 
on investment included little or no PgOg and varying quantities 
of KgO. The average response function indicated that PgO$ 
should not be applied; however, results for 195-3 showed that 
small amounts of PgOg should be applied if fixed costs were 
high and nutrient prices were low. Both PgOs and KgO should 
be used for corn on Cresco soil, KgO in slightly heavier 
amounts. 
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Changes In fertilizer nutrient prices with fixed costs 
constant produced changes in the estimated rates of fertilizer 
application, in profits and in average returns similar to 
those discussed in Section B. However, changes in fixed costs 
had interesting results: If the fixed costs increased, 
ceteris paribus. more PgOg and KgO should be used in order to 
maximize the rate of returns on investment. The reason is 
that a higher crop yield is required in order to spread the 
fixed costs over a larger output and reduce the cost per unit 
of output. 
b. Oats The estimated fertilizer quantities that 
maximized the rate of returns for the average oets response 
on Clyde soil are shown in Table 6,3. Fertilizer amounts much 
Table 63. Quantities of PgOg and KgO required to maximize 
returns per dollar invested; average oats function 
on Clyde soil 
Crop Fixed PgOg KgO PgOs KgO Total Net Rtns,. 
price cost price price rates rates Yield cost rtns. per $ 
S S/a. I/lb. |/lb. lbs./a. lbs./a. bu./a. S/a. l/a. inv. 
.80 .08 .03 18.3 23.6 53.2 2.97 2.36 1.80 
.80 .10 .05 18.2 18.8 52.7 3.56 1.46 1.41 
.80 .15 .09 1614 13.8 51.6 4.50 -.13 .97 
1.30 .08 .03 23.2 26.5 54.6 3.95 2.18 1.55 
1.30 .10 .05 22.3 21.9 54.0 4.63 1.15 1.25 
1.30 .15 .09 19.9 16.7 52.8 5.79 -.69 .88 
1.80 .08 .03 26.5 28.6 55.4 4.78 1.84 1.38 
1.80 .10 .05 25.3 24.1 54.8 5.54 .73 1.13 
1.80 .15 .09 22.5 18.9 53.7 6.88 -1.28 .81 
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smaller than the optimum amounts were obtained when the nutrient 
prices were low. When the PgO^ and KgO prices were high, the 
fertilizer rates that maximized average returns were larger 
than the rates that maximized profits with unlimited capital. 
For example, if fixed costs were $1.30 and the fertilizer 
nutrients were valued at the low prices, the optimum quantities 
of PgOg and KgO were 32.4 pounds and 32.2 pounds, respectively. 
The quantities that maximized the rate of returns on invest­
ment were 23.2 pounds of PgO§ and 26.5 pounds of KgO. But, 
if the fertilizer nutrients were valued at the high prices, 
the optimum quantities of PgO$ and KgO were 15.2 pounds and 
12-0 pounds, respectively, whereas the quantities that max­
imized the rate of returns on investment were 19.9 pounds of 
PgOg and 16.7 pounds of KgO. The maximum returns per dollar 
invested were $.88 and a net loss of $.67 occurred. 
When capital is unlimited and profits are maximized, 
fixed costs have no bearing on the determination of the 
optimum fertilizer rates. If capital is limited, reducing the 
fixed costs becomes a relevant problem. The problem is actu­
ally one of minimizing the losses from the fixed capital in­
vestment, which is of concern only in the short-run. If the 
same price relationships persisted in the long-run, no ferti­
lizer should be applied to the oats. 
The above conclusions would, of course, be changed if 
account were taken of the hay response. At any rate, the 
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analysis shows that there may be situations when fertilizer 
applications greater than the economic optimum are convenient, 
if cutting the fixed cost of capital investments is a rele­
vant problem. 
2. Common fertilizer mix 
Fertilizer quantities that maximize the rate of returns 
on investment were computed for the 0-20-20, 0-20-10 and 
0-12-36 mixes. Tables 64, 65 and 66 show the results for 
corn and oats when fixed costs are $1.30 and crop prices are 
average. 
a. Corn The rates of fertilizer application for corn 
presented in Tables 64 and 65 are almost one half of the opti­
mum quantities of mixed fertilizers calculated in Section B. 
The 0-12-36 mix appeared to be the most appropriate one for 
corn on Clyde soil. Generally, use of the 0-12-36 mix re­
sulted in much higher returns per dollar invested. For the 
average corn response the 0-12-36 mix gave average returns of 
$8.87, versus $6.95 given by the next most convenient one, the 
0-20-20 mix. The 0-20-20 mix was the best for corn on Cresco 
soil, insofar as yielding the greatest profits is concerned. 
The rate of returns on investment was not consistently higher 
for any one of the three fertilizer mixes. However, based on 
the average response,„the 0-20-20 mix appeared to be the most 
convenient one. 
192 
Table 64. Quantities of each of three common mixed ferti­
lizers required to maximize returns per dollar 
invested; corn on Clyde soil during specified 
years 
Year 
Fertilizer 
type 
Fertilizer 
rates 
lbs./a. 
Yield 
bu./a. 
Total 
cost 
8/a. 
Net 
returns 
l/a. 
Returns 
per $ 
invested 
1950 0-20-20 90 48.9 4.00 20.80 6.20 
0-20-10 110 43.5 4.05 15.27 4.77 
0-12-36 50 44.7 2.80 17.74 7.34 
1953 0-20-20 80 62.2 3.70 13.80 6.35 
0-20-10 80 52.5 3.30 10.50 4.18 
0-12-36 60 63.4 3.10 21.53 7.95 
1956 0—20—IDO 80 78.5 3.70 30.60 9.27 
0-20-10 120 72.5 4.30 24 . 02 • 6.58 
0-12-36 50 78.7 2.80 31.70 12.32 
1959 0-20-20 90 80.9 4.00 19.97 5.99 
0-20-10 100 70.4 3.80 9.67 3.54 
0-12-36 50 79.0 2.80 19.30 7.89 
Av. 0-20-20 80 66.7 3.70 22.00 6.95 
0-20-10 100 59.0 3.80 14.20 4.74 
0-12-36 50 65.6 2.80 22.04 8.87 
The re te of returns on investment was always higher for 
corn on Clyde soil. If both Clyde and Cresco soils occurred 
on the same farm, preference should be given to fertilization 
of the corn on Clyde soil, provided that limited funds were 
available for fertilizer purchase. 
b. Oats The quantities of mixed fertilizer for oats 
required to maximize the rate of returns on investment are 
shown in Table 66. These quantities are not much lower than 
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Table 65. Quantities of each of three common mixed ferti­
lizers required to maximize returns per dollar 
invested; corn on Cresco soil, during specified 
years 
Fertilizer Total Net Returns 
Fertilizer rates Yield cost returns per # 
Year type lbs./a. bu./a. $/a.  3/a.  invested 
1950 0-20-20 60 67.8 3.10 17.35 6.60 
0-20-10 70 67.8 3.05 17.35 6.69 
0-12-36 50 62.3 2.80 12.07 5.31 
1953 0-20-20 70 64.7 3 .40 10.53 4.10 
0-20-10 70 61.7 3 .05 7.91 3.59 
0-12-36 50 61.2 2.80 7.62 3.72 
1956 0-20-20 70 87.0 3.40 12.84 4.78 
0-20-10 100 66.1 3.80 11.54 4.04 
0-12-36 50 85.5 2.80 11.99 5.28 
Av. 0—20—20 70 74.9 3.40 10.68 4.14 
0-20-10 80 73.4 3.30 9.26 3.80 
0-12-36 50 71.1 2.80 7.47 3.67 
the optimum rates of mixed fertilizers for oats. The 0-20-20 
mix was the best fertilizer mix for oats on Clyde soil. Use 
of this mix commonly resulted in the highest profits as well 
as the highest rate of returns on investment. For example, 
for the average oats response, application of 110 pounds of 
the 0-20-20 mix resulted in profits of $1.14 and average re­
turns of §1.25. Profits would have been only $.94 and average 
returns would have been <:i.21 if the next best mix, 0-20-10, 
had ceen used. In recalling the results of Section B, the 
conclusion is that if common fertilizer mixes are used, the 
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Table 66. Quantities of each of three common mixed ferti­
lizers required to maximize returns per dollar 
invested; oats on Clyde soil during specified 
years 
Year 
Fertilizer 
type 
Fertilizer 
rates 
lbs./a. 
Yield 
bu./a. 
Total 
cost 
S/a. 
Net 
returns 
3/a.  
Returns 
per S 
invested 
1951 0-20-20 120 63.2 4.90 .31 1.06 
0-20-10 140 62.7 4.80 .12 1.03 
0-12-36 80 60.4 3.70 -.17 .95 
1954 0-20-20 120 34.3 4.90 2.14 1.44 
0-20-10 150 33.8 5 .05 1.72 1.34 
0-12-36 80 30.7 3.70 1.20 1.32 
1957 0-20-20 100 59.9 4.30 3.28 1.76 
0-20-10 110 59.4 4.05 3.23 1.80 
0-12-36 80 55.7 3.70 1.38 1.37 
1960 0-20-20 120 61.6 4.90 2.11 1.43 
0-20-10 140 60.5 4.80 1.59 1.33 
0-12-36 90 59.4 4.00 1.75 1.44 
Av. 0-20-20 110 53.9 4.60 1.14 1.25 
0-20-10 130 53.5 4.55 .94 1.21 
0-21-36 80 51.2 3.70 .42 1.11 
0-20-20 mix should always be preferred for oats, whether 
capital is limited or unlimited. 
Finally, the rate of returns on investment obtained from 
application of the optimum nutrient combinations can be com­
pared with those obtained from application of the most appro­
priate common fertilizer mix. Results for the average corn 
and oats responses sre summarized in Table 67. 
The appropriate mixes yielded results very similar to 
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Table 67. Maximum returns per dollar invested in fertilizer 
obtained from application of the optimum P9O5 and 
KoO nutrient combinations and common fertilizer 
mixes, for the average corn and oats response 
functions8-
Crop Soil 
Returns per dollar invested 
Optimum nutrient 
combination 
0-12-36 
mix 
0-20-20 
mix 
Corn Clyde 9.89 8 .87  6.95 
Corn Cresco 4.17 3 .67  4.14 
Cats Clyde 1.25 1.11 1.25 
aFixed costs at $1.30; crop and fertilizer nutrients 
at the average prices. 
those obtained from the optimum nutrient combinations. As was 
steted in Section B, the problem is again one of determining 
ex-ante and Kr.Q nutrient combinations that are superior 
to any fixed-proportion mixture, in terms of maximizing the 
rate of returns on investment over time. 
D. Variability of the Estimates and Implications 
for Decision Making 
The analysis of previous sections showed the effect of 
differences in production functions, in crop and fertilizer 
prices, and in types of fertilizer mixtures on the economic 
optimum fertilizer rates and on profits. The analysis was 
based on a posteriori knowledge of the variable factors. 
Farmers' decisions, however, must be made under yield and 
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price uncertainty. Results of the analysis must be gener­
alized so that recommendations can be put foward that reduce 
the probability of making incorrect decisions. Presently, 
the problem is to determine ex-ante PgOg and KgO rates of 
application for corn, oats and hay on different soils. 
Fertilizer prices are known at the time of fertilizer 
application. Hence, adjustments in the PgOg and KgO amounts 
applied can be made for fertilizer price changes. Crop prices 
are uncertain. However, the analyses in the previous sections 
showed that, generally, extreme crop price variation had only 
a minor effect on the optimum P2O5 and KgO quantities applied 
to each crop. In addition, some adjustment in fertilizer 
quantities can be made for crop price changes by using expected 
prices in the derivation of optimum fertilizer rates. Hence, 
the problem is reduced to selecting an appropriate production 
function from the several annually estimated for a given crop 
on a given soil.1 Selection of a production function requires 
a further choice criterion. This may be maximization of 
profits over time, minimization of losses in any one year, 
minimization of the variance of profits, and so forth. 
^If sufficient annual production functions were estimated 
that covered a wide range of weather conditions, two alterna­
tives could be considered: a weighted average production func­
tion could be computed with help of long time weather records; 
or a probability distribution of functions could be deter­
mined. Neither alternative was considered in the present 
study. 
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In the present section the consequences of choosing a 
given production function as representative of all years' crop 
response are studied from the standpoint of maximization of 
profits over time. The optimum PgOg and KgO rates derived 
from the chosen production function are used to determine the 
profits that would have occurred during the other ye?rs studied 
and for which the production function was known. The alterna­
tive production functions chosen in the present analysis were 
the average production functions and those functions that pre­
dicted the highest and lowest PgOg and KgO rates of applica­
tion. In addition, the average annual optimum PgOg and KgO 
rates were considered in the derivation of profits. Annual, 
total and average profits were computed for each of the pre­
dicted PgOg and KgO combinations, with crops and fertilizer 
nutrients valued at the average prices. 
Results of the analysis for corn on Clyde and Cresco 
soils, and for oats and hay on Clyde soil are presented below. 
1. Corn 
Taole 68 shows the results for corn on Clyde soil. If 
ex-ante knowledge of the annuel production functions existed 
and the optimum PgO$ and KgO rates were applied every year, 
total profits over the four-year period would be $122.29, the 
maximum attainable under the given weather and price condi­
tions. If the optimum PgOg and KgO rates (30.1 pounds and 
Table 66. Net returns to fertilizer if alternative PgO^ and KgO rates of appli­
cation were used for corn on Clyde soil over a period of yearsa 
Annual profits (?/a.) 
RaLes of application (lbs./a.) Total Average 
PgO§ KgO 1950 195-3 1956 1959 profits profits 
Annual optimum nuirient combination 26 
CO CO 
28 .57 38 .81 28 .03 122 .29 30 . 57 
Highest 30.1 31.3 26 .88 26 .86 38 .13 .33 119 .20 29 .80 
Lowest 25.9 27.7 £6 .49 27 .02 38 .81 26 .65 118 .97 29 .74 
Functional average0 %4.9 30.6 £6 .60 28 .19 38 .21 27 .69 120 .69 30 .17 
Average rates0 £6.7 31.7 £6 .75 28 .0fc 37 .93 27 .81 120 .49 30 .12 
0-£0-£0 mix : 
Annual optimum Hate 26 .84 26 .47 38 .78 27 .26 119 .35 29 .84 
Highest 170 26 .64 25 .75 36 .74 27 .26 116 .39 29 .10 
Lowest 140 26 .60 26 .45 38 .78 26 .44 118 .27 29 .57 
Functional average 150 26 .83 26 .47 38 .50 26 .91 118 .71 29 .68 
Average rate 160 26 .84 26 .£3 37 • 8£ 27 .18 118 .07 29 .52 
aCorn and fertilizer nutrients at the average prices. 
^Fertilizer rates estimated by the average function. 
°Average of the optimum rates estimated by the annual functions. 
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31.5 pounds, respectively) predicted by the 1950 response 
function were applied each year, total profits would be 
$119.20, &3.09 less than the maximum possible. Alternatively, 
if the lowest optimum PgO^ and KgO rates predicted by the 1956 
production function were applied, total profits would be 
$118.97. Application of the optimum PgO§ and KgO rates esti­
mated by the average production function would result in 
total profits of £120.69, the closest profits to the maximum 
attainable. Use of the average optimum rates would return a 
profit of §120.49 over the four-year period. 
The effect on profits of alternative choices for corn on 
Clyde soil was small. The average annual profits differed by 
only #0.83 if the lowest Pg05 and KgO rates instead of the 
optimum rates were used every year. The greatest discrepancy 
in profits for any one year was $1.71 in 1953, which would 
have occurred if the highest rates had been applied instead 
of the optimum rates. 
Similar calculations were made for the 0-20-20 mix. 
Results for corn on Clyde soil are shown in the lower portion 
of Table 68. Total profits from use of alternative rates of 
the 0-20-20 mix were generally less than if the previous 
nutrient combinations were applied. The differences though, 
were small. Average annual profits from using 150 pounds of 
0-20-20 mix were $29.66, only §0.49 less than if the P2O5 and 
KgO amounts predicted by the average production function were 
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applied. 
Table 69 presents the results for corn on Cresco soil. 
The maximum attainable profits over the five-year period were 
#99.09. Use of the fertilizer rates predicted by the average 
production function resulted in the next highest total 
profits, $90.53. The worst choice was to apply the lowest 
optimum PgOg and KgO quantities predicted by the 1950 produc­
tion function, which resulted in §82.80 of total profits. 
If the quantities of 0-20-20 mix estimated by the aver­
age production function were used every year, total profits 
amounted to £89.03. These profits are only Si.50 (or $0.30 
per year) less than if the optimum PgOg and ICgO rates predict­
ed by the same function were applied. 
In conclusion, from the standpoint of maximizing profits 
over time, the fertilizer rates predicted from the average 
production functions of corn were more convenient then those 
predicted from any one of the annual production functions. 
Also, the 0-20-20 mix resulted in long-run profits nearly as 
high as those obtained by the optimum nutrient combinations. 
Given the expected variability of outcomes, the 0-20-20 mix 
could be profitably adopted, especially if its use simplifies 
management operations. Finally, corn fertilization never 
resulted in losses. Hence, fertilizer rates smaller than the 
average did not seem advisable if capital were unlimited. 
Table 69. Net returns to fertilizer if alternative PgO$ and KgO retes of appli­
cation were used for corn on Cresco soil over s period of ye?rs 
Annual profits ( 1/a . ) 
Rates of application (lbs./a.) Total Average 
Pg°5 KgO 1947 1950 1953 19 56 1959 profits profits 
Annual optimum 
nutrient combination 2? .79 22, .93 13.47 16, .80 18 .10 99 .09 19 .82 
Highest 30 .0 30 .0 26 .70 18, .60 10.97 15 .37 18 .10 89 .74 17 .95 
Lowest 21 .8 18 .8 19 .29 22 .93 l%.9o 16 .37 11 . 26 82 .80 16 . 56 
Functional average 24 . 2 26 .0 24 .62 21 .95 13.02 16 .58 14 .36 90 .53 18 .11 
Average rates 23 . 5 24 .9 23 .85 22 .28 13.18 16 .71 13 .77 89 .79 17 .96 
0-20-20 mix: 
Annual optimum Rate 26 .70 22 .78 13.32 16 .77 18 .10 97 .67 19 . 53 
Highest 150 26 .70 18 .60 11.00 9 .90 18 .10 83 .40 16 .68 
Lowest 100 20 .30 22 .80 13.30 5 .00 10 .90 72 .30 14 .46 
Functional average 120 23 .09 22 .36 13.09 16 .77 13 .72 89 .03 17 .81 
Average rate 130 24 .37 21 .53 12.6c 16 .56 15 .15 90 .23 18 .05 
aCorn and fertilizer nutrients at the average prices. 
202 
2. Oats 
Profits obtained from use of alternative fertilizer rates 
for oats on Clyde soil ere shown in Table 70. Use of the 
annual optimum re tes in the five-year period resulted in max­
imum profits of $14.46. If the PgOg and KgO rates estimated 
by the average function were used on oats, profits amounted 
to $12.76. Use of the lowest fertilizer rates estimated by 
the 1948 production function never resulted in a loss, but 
yielded annual average profits of only $.38. Use of the high­
est or of the average PgO^ and KgO rates resulted in losses 
in 1948 (when there was no response to fertilizer), but gave 
average profits of 32.34 to $2.55 per year. Only if the deci­
sion criterion were to avoid losses in any one yesr should 
the lowest fertilizer rates be applied. Profits in the long-
run thougn, would be considerably smaller. 
Use of the quantity of 0-20-20 mix predicted by the 
average production function would result in total profits of 
*12. 75. These profits are only $.01 less than those obtained 
by use of the P2°5 ana KgO rates predicted by the average 
function. Therefore, for oats on Clyde soil, the best choice 
would be to follow the prediction of the average function end 
use either the optimum PgO5 and KgO combination or the 0-20-20 
mix. 
Table 70. Net returns to fertilizer if alternative P2O5 and KgO rates of appli­
cation were used for oats on Clyde soil over a period of yearsa 
Hates of application (lbs./a.) 
P2°5 K2° 
Annual profits (&/a.) 
1948 1951 1954 1957 1960 
Total Average 
profits profits 
Annual optimum 
nutrient combination .01 1.61 3.85 5 .29 3 . 70 14 .46 2.89 
Highest 36 .7 34. 5 -2.11 1.36 3.85 5 .04 3 .57 11 .71 2.34 
Lowest 0 5. 8 .01 .29 .59 .36 . 63 1 .88 .38 
Functional average 28 .7 26. 6 -1.24 1.60 3.65 5 .20 3 . 55 12 .76 2.55 
Average rates 25 • 1 25. 2 -1.00 1.61 3 .51 5 .03 3 .48 12 . 63 . 2.53 
0-20-2u mix : 
Annual optimum Rate .00 1.61 3.84 5 .18 3 .65 14 .28 2.86 
Highest 180 -2.15 1.34 3 .84 4 .99 3 .60 11 .  62 2.32 
Lowest 0 .00 .00 . 0 0  .00 .00 .00 .00 
Functional average 140 -1.26 1.60 3.67 5 .15 3 .59 12 .75 2.55 
Average rate 120 -.91 1.61 3. 4 4  4 .96 3 .41 12 . 51 2.50 
&Oats and fertilizer nutrients at the average prices -
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3. Hay 
If hay response were to the total amount of fertilizer 
applied to the crop rotation, profits from alternative ferti­
lizer rates for hay on Clyde soil during four years would be 
as shown in Table 71. In 1949 no fertilizer should have been 
used for hay because it resulted in net losses. Maximum 
attainable profits over the period were $30.09. Use of the 
fertilizer rates predicted by the average production function 
resulted in total profits of $19.21. The considerable dif­
ference from the maximum profits was due to the great vari­
ation in annual production functions for hay. 
Great losses would have occurred in 1949 if average or 
high rates of fertilizer were applied. When the relation be­
tween fertilizer response and factor-product price ratio is 
critical, use of incorrect fertilizer amounts can result in 
considerable losses. 
4. Joint oats-hay fertilization 
If fertilization of oats and hay were evaluated jointly 
for both crops, profits from use of alternative and KgO 
rates of application over an eight-year period are as pre­
sented in Table 72. If the optimum rates for each two-year 
period were applied, total profits over the eight years 
would be #69.99, or an average of $8.75 per year. Applica­
tion of the fertilizer rates estimated by the average produc-
Table 71. Net returns to fertilizer if alternative PgO§ and KpO rates of appli­
cation were used for hay on Clyde soil over a period of years9-
Annual profits (S'/a.) 
Rates of application (lbs./a-) Total Average 
p2°5 K2° 1949 1952 19 55 1958 profits profits 
Annual optimum nutrient combination 0 13 • 61 7.91 8. 57 30.09 7.52 
Highest 68.1 81.2 -4 .69 13 .61 1.21 8. 53 18.66 4.67 
Lowest 0.0 0.0 0 .0 0 .0 0.0 0. 0 0.0 0.0 
Functional average 60.1 90.0 -5 .00 13 .29 2.83 8. 09 19.21 
o
 
CO 
Average rates 40.6 61.0 -4 • 27 11 .80 2.93 7. 30 17.76 4.44 
aHay and fertilizer nutrients at the average prices. 
Table 72. Net returns to fertilizer if alternative and KgO rates of appli­
cation were used for oats and hay jointly on Clyde soil over a period 
of yearsa 
Annual profits Co/a.) 
Annual 
Rates of appllcetlon (lbs./a.) 1948 1951 1954 1957 Total average 
PgOc) KgO -49 -52 -55 -58 profits profits 
Annual optimum nutrient combination 3.28 25.07 15 .90 25. 74 69 .99 8 .75 
Highest 60.0 60.0b 3.28 24.77 13 .25 21. 42 62 .72 7 .84 
Lowest 48.6 47.7 2.28 24.69 14 .00 25. 74 66 .71 8 .34 
Functional average 50.4 56.2 2.37 25.01 14 .71 22. 47 64 .56 8 .07 
Average rates 50.8 58.2 2.35 25.00 14 .83 22. 32 64 .50 8 .06 
aCrops and fertilizer nutrients at the average prices. 
cThe maximum rates of experimental application. 
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tion function resulted in profits of $64.56. Profits of 
§66.71, the closest to the maximum possible, were obtained by 
use of the lowest PgO$ and KgO rates (estimated by the 1957-58 
production function). The reason for such a result was that 
the 1957-58 function showed a strong quadratic response; the 
yield increased rapidly with small fertilizer applications 
and was depressed by larger applications. Thus, fertilizer 
rates greater than the lowest ones were excessive for the 
1957-1958 biennium and failed to yield the highest profits. 
Over a longer period of time, however, the most convenient 
PgOs and KgO rates for oats and hay jointly, should be pre­
dicted from the average function in order to maximize total 
profits. 
From the foregoing analysis, decisions regarding ferti­
lizer application to the crops and on the soils studied should 
be based on the average production functions. If the cri­
terion were to maximize profits in the long-run, Pg0§ and KgO 
should always be applied to corn, oats, and hay under the 
price relationships considered. Furthermore, use of the 
0-20-20 mix yielded profits only slightly smaller than those 
obtained by using the optimum nutrient combinations predicted 
by the average production functions. Hence, use of the 0-20-20 
mix should be considered as a reasonable alternative choice 
especially if it simplifies the managerial process. 
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E. Summary and Conclusions 
In the present chapter, economic optimum quantities of 
PgOg and KgO for corn, oats and hay on Clyde and Cresco soils 
were estimated. Alternative crop and fertilizer nutrient 
prices were considered in the analysis, as well as a limited 
capital situation and use of three types of common fertilizer 
mixtures. The results obtained for the crops on each soil were 
fairly consistent over the years. 
Changes In crop prices resulted in great changes in 
profits, but had little effect on the estimated optimum PgOg 
and KgO rates of application. Corn price changes of approxi­
mately 157/6 had a negligible effect on fertilizer rates and 
on yields. Oats price increases of approximately 60% resulted 
in changes in the fertilizer rates of approximately 20%, but 
oats yields were only slightly increased. Hay price variation 
in the order of 100% called for a change of approximately 50% 
in the fertilizer quantities applied, but again yields were 
little affected. Therefore, the usual smaller crop price 
variation can be disregarded for determination of optimum 
Pg05 and KgO rates in the present case. 
Fertilizer price changes of approximately 120;% had a 
greater effect on the optimum PgOg and KgO quantities applied, 
especially for oats and hay. The effect on profits, however, 
was smaller than that produced by the crop price variation 
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considered. 
If capital was assumed limited and the criterion for 
allocation of fertilizer was to maximize the rate of returns 
on investment, Pg0$ and KgO quantities much smaller than the 
optimum should be used. For corn on Clyde soil only KgO 
should be used under most circumstances. Increases in fixed 
costs called for increases in the quantities of fertilizer 
applied in order to maximize returns per dollar invested. 
Changes in crop and fertilizer prices had effects similar to 
those observed under the unlimited capital situation. 
The consequences of using three common fertilizer mix­
tures instead of optimum nutrient combinations were analyzed 
from the standpoint of profits. Use of different mixes, 
ceteris paribus. resulted in differences in profits of as 
much as 100/*. Hence, selection of an appropriate mix for a 
given crop and soil was an important problem. The 0-20-20 
mix was the best one for the crops and soils studied if cap­
ital was unlimited. Generally, use of the 0-20-20 mix result­
ed in profits very similar to those obtained by use of the 
optimum PgO$ and KgO combinations. If capital was assumed 
limited, the 0-12-36 mix was superior for corn on Clyde 
soil; for other crops, the 0-20-20 mix was the best one. 
Finally, the problem of determining, ex-ante, the most 
adequate fertilizer rates was analyzed from the standpoint of 
maximization of profits in the long-run. Data for corn on 
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Clyde and Cresco soil, and for oats and hay on Clyde soil were 
used in this analysis. Generally, the rates of fertilizer 
application predicted by the average production functions 
resulted in the largest total profits over time. Use of the 
0-20-20 mix gave net returns only slightly smaller than those 
obtained by using the optimum PgOg and KgO combinations. 
Hence, the average production functions appeared to be the 
most appropriate ones to select for ex-ante determination of 
the best rates of fertilizer application under weather uncer­
tainty . 
In Chapter VII, economic optimum fertilizer rates and a 
fertilizer program for the C-O-M rotation are derived. 
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VII. ANALYSIS OF THE CROP ROTATION 
A. Introduction 
Analysis of fertilizer response data would be Incomplete 
if the crop rotation aspects of fertilization were neglected. 
The crop sequence is mainly important for the economic evalu­
ation of once-in-the-rotation fertilizer applications. In the 
present study, two applications were made and only the hay 
response was a true residual response to fertilizer. However, 
most of the following analysis will be performed assuming 
that only one direct fertilizer application was made to the 
crop rotation. 
In this chapter, value-product functions for the crop 
rotation ("rotation functions") are estimated by compounding 
the yields of corn, oats and meadow. The assumption of inde­
pendence between each C-O-M rotation cycle made in Chapter IV 
is maintained. The possible fertilizer carry-over effects 
within a rotation cycle are implicitly accounted for in the 
rotation function. Value-product functions are estimated for 
three C-O-k rotation cycles on Clyde soil and three cycles 
on Cresco soil. Average rotation functions for each soil are 
also computed. The economic and technical relationships 
described in Chapter III are derived for the eight rotation 
functions estimated. 
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B. Determination of Production Functions 
for the Crop Rotation 
Estimation of a single production function for non-
additive crops requires the conversion of crop yields to a 
common unit. In the present study, crop yields were converted 
to value-product by means of the average crop prices. The 
coded regression coefficients1 of the production functions for 
the corn, oats and hay in a rotation cycle were multiplied by 
p 
the average crop prices^ and the resulting functions were 
added. The total value-product functions were decoded by the 
quantity of fertilizer applied to the crop rotation in order 
to express the functions in terms of pounds of fertilizer per 
acre. The rotation functions have the general quadratic form 
of equation (3.1). The procedure described accounted for the 
residual hay response and was computationally superior to 
fitting new regression equations to the total dollar-value 
yields of each rotation cycle. 
Conversion of production functions to value-product 
functions involves a price weighting process ; hence, the rela­
tive crop prices used determine the final form of the value-
product function. In the present study, the corn production 
functions contributed the largest portion to the regression 
^See Chapter IV, Section B. 
2Corn, $1.00; oats, #.60; hay, $15.00. 
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coefficients of the rotation functions. Thus, the C-O-M rota­
tion response surfaces resemble the corn response surfaces 
closely. 
A further implication of the price weighting process 
relates to the discounting of crop yields forthcoming at a 
later time. Discounting should be considered to account for 
risk and uncertainty (32). If the oats and hay value-yields 
contribute less than the corn value-yield to the rotation 
function, very large discount rates for oats and hay are 
necessary before the rotation function is appreciably changed. 
Such discount rates are equivalent to assuming very low prices 
for the oats and hay. Because the analysis of Chapter VI 
showed that the economic optimum fertilizer rates were not 
significantly altered by changes in crop prices, discounting 
of yields was not performed in the present analysis of the 
rotation. 
The value-product functions for the crop rotations are 
presented in Table 73. All the rotation functions had coeffi­
cients with the appropriate signs, even if some of the oats 
and hay production functions originally did not. An Important 
feature of the rotation functions is that there was not a 
consistent trend in the magnitude of the regression coeffi­
cients over time that could Invalidate the assumption of inde­
pendence of the rotation cycles. That is, the weather vari­
ation was sufficiently great to cover the possible effects of 
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Table 73. Regression coefficients (b^) of the value-product 
functions for the C-O-M rotation, several periods 
of time 
Rotation 
cycle and 
years bo bl b2 b3 b4 b5 
Clyde soil 
1st cycle 
1950-1-2 97. 768 .618089 .720422 -.004429 -.004819 .002434 
2nd cycle 
1953-4-5 76. 835 .410111 .737338 -.005392 -.004743 .003956 
3rd cycle 
1956-7-8 107. 301 .589107 1.123027 -.004923 -.008106 .003069 
Average 
cycle 93. 968 .502436 .860262 -.004915 -.005889 .003153 
Cresco soil 
1st cycle 
1950-1-2 114. 600 .901684 .454013 -.005701 -.003176 .000037 
2nd cycle 
1953-4-5 96. 698 .895578 •209858 -.006887 -.000958 .001709 
3rd cycle 
1956-7-8 134. 619 .828636 .463129 -.005109 -.003640 .000612 
Average 
cycle 115. 306 .875299 .375667 -.005899 -.002591 .000786 
the rotation and fertilizer carry-over upon the subsequent 
crops. 
215 
G. Nature of the Production Surfaces, Yield Isoquants, 
Isoclines and Marginal Rates of Substitution 
The rotation functions were used to predict the total 
value product yields presented in Tables 74 and 75, from which 
the production surfaces of Figures 14 and 15 were constructed. 
The applied nutrients were extrapolated by 30 pounds to show 
the points of maximum yields. 
Table 74. Predicted value yields (1/a.) of the C-O-M rotation 
for various PgOs and KgO levels (lbs./a.) on Clyde 
soil during specified periods of time 
Rotation , , » 
cycle and KgO PgOs (lbs./a.J 
years lbs./a. 0 30 60 90 120 
1st cycle 0 97.77 112.32 118.91 117.52 108.16 
1950-1-2 30 115.04 131.79 140.56 141.37 134.20 
60 123.64 142.58 153.55 156.54 151.56 
90 123.57 144.70 157.86 163.04 160.25 
120 114.82 138.14 153.49 160.86 160.26 
2nd cycle 0 76.83 84.28 82.03 70.07 48.40 
19 53-4—5 30 94.69 105.70 107.00 98.60 80.49 
60 104.00 118.57 123.44 118.60 104.05 
90 104.78 122.91 131.33 130.06 119.07 
120 97.02 118.71 130.69 132.98 125.55 
3rd cycle 0 107.30 120.54 124.92 120.44 107.10 
1956-7-8 30 133.70 149.70 156.84 155.13 144.55 
60 145.50 164.27 174.17 175.22 167.40 
90 142.71 164.24 176.91 180.72 175.66 
120 125.34 149.63 165.06 171.63 169.33 
Average 0 93.97 104.62 106.42 99.38 83.48 
cycle 30 114.48 127.96 132.60 128.40 115.34 
60 124.38 140.71 148.19 148.82 136.60 
90 123-69 142.85 153.17 154.64 147.26 
120 112.40 134.40 147.55 151.86 147.32 
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Table 75. Predicted value yields (S/a.) of the C-O-M 
rotation for various P2O5 and KgO levels 
(lbs./a.) on Cresco soil during specified 
periods of time 
Rotation 
cycle and 
years 
KoO *2° 5 < lbs. /a. ) 
lbs./a. 0 30 60 90 120 
1st cycle 0 114 .60 136 .52 148 .18 149 .57 140 .71 
1950-1-2 30 125 .36 147 .32 159 .01 160 .44 151 .60 
60 130 • 41 152 .39 164 .12 165 .58 156 .78 
90 129 .74 151 .76 163 .51 165 .01 156 .24 
120 123 .35 145 .40 157 .19 158 .72 149 .99 
2nd cycle 0 96 .70 117 .37 125 .64 121 .52 104 .99 
195-3-4-5 30 102 .13 124 .34 134 .15 131 .56 116 .58 
60 105 .84 129 .58 140 .93 139 .89 126 .44 
90 107 .82 133 .11 146 .00 146 .48 134 .58 
120 108 .08 134 .91 149 .33 151 .36 140 .99 
3rd cycle 0 134 .62 154 .88 165 .94 167 .81 160 .48 
1956-7-8 30 145 .24 166 .05 177 .66 180 .08 173 .31 
60 149 .30 170 .66 182 .83 185 .80 179 .58 
90 146 .82 168 .73 181 .45 184 .96 179 .29 
120 137 .78 160 .24 173 .51 177 .58 172 .46 
Average 0 115 .30 136 .26 146 .59 146 .30 135 .40 
cycle 30 124 • 24 145 .90 156 .94 157 .36 147 .16 
60 128 .52 150 .88 162 .63 163 .76 154 .27 
90 128 .13 151 .20 163 .65 165 .45 156 .71 
120 123 .08 146 .80 160 .02 162 . 56 154 .48 
The C-O-M response surfaces on Clyde soil show a stronger 
response to KgO and a good interaction between Pg05 and KgO. 
Similar characteristics were previously found for the crops 
grown on Clyde soil, particularly for corn. The production 
surfaces on Cresco soil show, instead, a stronger response 
to P2O5. The interaction between the inputs was small, except 
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1950-1-2 
1953-4-5 
1956-7-8 AVERAGE 
4c/?e 
Figure 14. Production surfaces for the C-O-M rotation on Clyde soil 
during specified periods of time 
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1950-1-2 1953-4-5 
1956-7-8 AVERAGE 
Figure 15. Production surfaces for the C-O-M rotation on Cresco soil 
during specified periods of time 
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for the second rotation cycle, when there was also a nearly 
linear response to KgO. In general, the fertilizer response 
for the crop rotation was weaker on Cresco soil than on Clyde 
soil. The difference is clearly appreciated from the slopes 
of the production surfaces, those for the rotation on Cresco 
soil being flatter. 
Yield i so quant s and isoclines for each rotation function 
were computed by means of the appropriate formulae of Chapter 
III. The derived isoquant maps are shown in Figures 16 and 
17. The general configuration of the maps is consistent for 
each soil type. For Clyde soil, the ridgellnes converge at 
angles smaller than 90 degrees, representing the strong posi­
tive interaction between the inputs. The isoquants are curved 
and rsther vertically disposed on the plane, indicating poor 
substitution of PgO^ for KgO. For the same reason, the iso­
clines ere close together and Intercept only the KgO axis. 
Marginal rates of substitution of KgOfor PgOg for a $150 yield 
for two rotation cycles on Clyde soil are presented in Table 
76. Greater amounts of PgOg and K^O where necessary to main­
tain a $150 yield during the first rotation cycle than during 
the third one. The range of substitution was smaller and the 
replacement rates fell faster for the first rotation cycle. 
For Cresco soil, the maximum yields were reached within 
the range of applied inputs. The second rotation cycle was 
an exception; the linear response to KgO did not allow the 
Figure 16. Yield isoquants, Isoclines, and ridgelines for 
the C-O-M rotation on Clyde soil during specified 
periods of time 
221 
1950-1  -  2  
80 
60 
40 Xy 
5.0 = 
20 
0 20 40 60 too 80 
1953-4-
80 
o 60 
_l 40 
2 0 -
20 0 
K2O LBS PER ACRE 
1956-7-8  
80 
-I 40 
20 
20 40 60 
K90 LBS PER ACRE 
80 100 
AVERAGE 
80 
UJ 
cc 
£ 60 
cc 
UJ Q. 
V) 
CD 
-J 40 
in 
o 
CM 
CL 
20 
too 
T r 
_P 
3K 
Too 
1953-4-5 
80 
o 60 
_i 40 
20 5.0=d-
20 40 I 60 
KOO LBS PER ACRE 
80 100 
AVERAGE 
80 
60 
-J 40 
5.0-s-20 
40 80 100 i 60 
KOO LBS PER ACRE 
222 
—, , 1 1 r~ 1 r t I 
1950-1-2 
80! 
</) 40T 
201 
0 40 60 20 
K20 LBS PER ACRE 
1953-4-5  
80 
601-
40 99 
20 
20 40 60 80 
K20 LBS PER ACRE 
1956-7-8  
80 
60 in £ 
O 
< 
>/ 
U. 
uJ Q. 40 '5.0= 
to 
m 
_i 
20 
20 ' 40 
K20 LBS PER ACRE 
80 60 
AVERAGE 
80 
60 
40 
20 
r ~ 1  4 o  1  
K20 LBS PER ACRE 
20 60 80 
Figure 17. Yield isoquants, isoclines, and rldgelines for the C-O-M rotation on 
Cresco soil during specified periods of time 
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Table 76. Nutrient combinations and marginal rates of sub­
stitution for a $150 yield from two C-O-M rotation 
cycles on Clyde soil 
1st cycle (1950-1-2)' 3rd cycle (1956-7-8) 
Pounds of Pounds of Pounds of Pounds of 
p;c0 5 K2° MRS P2°5 K2° MRS 
59 .1 50.0 1.770 30-8 30.0 1.934 
47.6 60.0 .755 17.1 40. 0 .970 
4jc.3 70.0 .359 9.8 50.0 .530 
40.0 80.0 .102 6.0 60.0 .237 
4.9 70.0 .004 
production surface to reach a maximum at acceptable input 
levels. In Figure 17, the rldgelines join at nearly right 
angles, denoting little and KgO interaction. The yield 
isoquants are less curved than for the C-O-M rotation on Clyde 
soil and tend to be horizontally disposed on the plane, denot­
ing better conditions for input substitution. Good substitu­
tion is evidenced also by the distance between the isoclines 
tnat intercept both input axes. Input combinations and margin­
al rates of substitution for a #160 yield for the first and 
third rotation cycles on Cresco soil are presented in Table 
77. Input requirements are greater and replacement rates 
fall faster for the first rotation cycle. 
The different fertilizer requirements of the C-O-M 
rotation on the two soils can be appraised from Table 78. 
This table presents PgOç and KgO combinations required by 
the average crop rotation to produce a §140 yield on Clyde 
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Table 77. Nutrient combinations and marginal rates of sub­
stitution for a $160 yield from two C-O-M rotation 
cycles on Cresco soil 
1st cycle (1950-1-2) 3rd cycle (1956-7-8) 
Pounds of Pounds of Pounds of Pounds of 
p£05  K20 MRS P205  Kgo MRS 
65.3 30.0 1.676 31.3 10.0 .795 
54.6 40. Û .720 24.6 20.0 .564 
49.2 50.0 .403 19.8 30.0 .398 
46.2 60.0 .198 16.5 40.0 .266 
45.1 70.0 .028 14.4 50.0 .152 
13.4 60.0 .047 
Table 78. Nutrient combinations and marginal rates of sub­
stitution for a $140 yield from the average C-O-M 
rotation cycles on Clyde and Cresco soils 
Clyde Cresco 
Pounds of Pounds of Pounds of Pounds of 
Pg°5 KgO MRS P%0g KgO MRS 
46.0 45.0 2.479 37.9 0.0 .946 
37.% 50.0 1.318 30.0 10.0 .657 
31.8 55.0 .862 24.4 20.0 .483 
28.3 60.0 .586 20.% 30.0 .357 
25.8 65.0 .388 17.1 40.0 .258 
24.3 70.0 .232 15.0 50.0 .174 
23.5 75.0 .100 13.6 60.0 .099 
13.0 7u.O .030 
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and Cresco soils. Greater possibilities of nutrient combina­
tion and substitution exist for the Cresco soil. 
D. Economic Optimum Rates of Fertilization 
for the Crop Rotation 
Economic optimum rates of fertilization were derived for 
the rotation functions following the procedures described in 
Chapter III. The crop price was set at $1.00 since the pro­
duction functions ere expressed in value-product terms. 
Fertilizer requirements were computed for tv.-o situations, 
unlimited capital and limited capital. In each case, the 
economic optimum fertilizer rates were calculated for PgOg 
and KgO combined in optimum proportions and in the fixed 
ratios provided by three common fertilizer mixtures. 
1. Unlimited capital situation 
a. Optimum nutrient combination The economic optimum 
quantities of PgO^ and KgO for the crop rotation cycles, 
profits and average returns are presented in Tables 79 and 80. 
In general, as the crop-fertilizer price ratio became less 
favorable, the estimated quantities of applied nutrients and 
yields diminished. Total cost of fertilizer became greater 
and profits smaller. The estimated rates of fertilization 
were from 65 to 85 pounds of PgOg and 80 to 100 pounds of KgO 
per acre for each rotation cycle on Clyde soil. Profits, 
however, varied more between cycles; at the average fertilizer 
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Table 79. Optimum quantities of P2O5 and KgO and profits for 
the C-O-M rotation on Clyde soil, during specified 
periods of time; various fertilizer prices 
Rotation 
cycle 
and year 
p2?5 price 
#/lb. 
KgO 
price 
S/lb. 
P205 
rates 
lbs./a. 
KgO 
rates 
lbs./a 
Yield 
•  $ /a.  
To tal 
cost 
S/a. 
Ne t 
rtn. 
9/a.  
Rtn. 
per $ 
inv. 
1st .08 .03 86.4 93.5 163.00 9.72 55.52 6.71 
cycle .10 .05 83.4 90.6 162.62 12.87 51.98 5.04 
1950-1-% .10 .09 76.1 84.6 161.28 19.03 44.48 3.34 
2nd .08 .03 68.4 103.1 133.16 8.57 47.76 6.57 
cycle .10 .05 65.3 99.7 132.75 11.52 44.40 4.85 
195-3-4-5 .15 .09 58.0 92.4 131.30 17.02 37.47 3.20 
3rd .08 .03 77.3 82.0 180.45 8.64 64.51 8.46 
cycle .10 .05 74.7 80.3 180.16 11.49 "1.37 6.34 
1956-7-8 .Id .09 6 . . 5  76.7 179.15 17.18 54.65 4.18 
Average .08 .03 71.7 89.7 154.79 8.43 52.39 7.21 
cycle .10 .05 68.9 87.2 154.44 11.25 49.21 5.37 
.15 .09 6 c.'c 82.0 153.23 16.71 42.55 3.55 
prices, profits varied between $44.40 and $61.37 per acre. 
The optimum rates of PgOg and KgO for the crop rotation 
on Cresco soil were very similar for the first end third 
rotation cycles. Larger quantities of P^Oc, relative to KgO 
should be applied on Cresco soil. The estimated optimum 
quantity of KgO for the second rotation cycle vas excessive, 
due to the linearity of the response to KgO. Profits from 
fertilizer, however, were similar for the three rotation 
cycles : at the average fertilizer prices, profits varied 
between 040.-38 and Ç42.59 per acre. 
The analysis of fertilizer application zo the crop 
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Table 80. Optimum quantities of Pg05 and KgO and profits for 
the C-O-M rotation on Cresco soil, during specified 
periods of time; various fertilizer prices 
Rotation 
cycle 
and year 
P2?5 ^o0 
price price 
S/lb. #/lb. 
p2°5 
rates 
les./a. 
KgO 
rates 
lbs./a 
Yield 
. a. 
To tal 
cost 
G/e. 
Net 
rtn. 
$/8 . 
Rtn. 
per S 
inv. 
1st .08 .03 72-3 67.2 16 . 34 7.80 4-5.94 6.63 
cycle .10 .05 7.0.5 54.0 166.05 10.25 41.20 5.02 
1950-1-% .15 .09 66.1 57.7 165.06 15.12 35.35 3.34 
2nd .08 .03 79.7 164.9 155.34 11.32 47.32 5.18 
cycle .10 .05 76.6 151.7 154.54 15.24 42.59 3.79 
195-5-4-5 .15 .OS 69.6 124.6 151.77 21.S6 33.41 2.54 
3rd .08 .0 5 77.2 66.0 185.97 6.16 43.19 6.30 
cycle • 10 .05 75.1 63.1 185.66 10.66 40.39 4.79 
1956-7-8 .15 .09 69.8 57.1 184 . 59 15.62 34.35 3.20 
Average .08 .03 72.6 77.7 165.74 8-14 42.30 6.20 
cycle .10 .05 70.6 73.6 165.40 10.74 39.35 4.66 
.15 .09 65.8 65.1 164.20 15.73 33.17 3.11 
rotation corroborates so far the results obtained for the indi­
vidual crops in Chapter VI. The crop rotation should receive 
heavier fertilizer applications on Clyde soil where profits 
are higher. Also, more KgO relative to PgOg should be used 
on Clyde soil. The quantities of P20§ and KgO applied to the 
crop rotation on Cresco soil should be more nearly even. 
b. Common fertilizer mix Profit maximizing quan­
tities of three mixed fertilizers, 0-20-20, 0-20-10 and 
0-l%-3c for the C-O-M rotation cycles on Clyde and Cresco 
soils are presented in Tables 81 and 82. Results for the 
rotation were basically the same as those for corn described 
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Table 81. Optimum rates of three common fertilizer mixtures 
applied individually to the C-O-k rotation on 
Clyde soil, during specified periods of time 
Rotation Optimum Total Net Rtns. 
cycle Fertilizer fertilizer Yield cos t rtns. per $ 
and years type rate 6/ a. i. s/ a. inv . 
1st cycle 0-20--20 440 162 .79 13. 20 51 .82 4. 93 
1951-2-3 0-20-•10 480 150 .98 12. 00 41 .21 4 . 43 
0-•12-•36 260 145 .08 7. 80 39 .51 6. 07 
2nd cycle 0-20-20 400 129 .08 12. 00 40 . 25 4. 35 
1954-5-6 0-20-•10 360 109 .06 9. 00 23 .23 3. 58 
0-•21-36 270 123 .80 8. 10 38 .86 5. 80 
3rd cycle 0-20-•20 390 180 • 25 11. 70 61 .25 6. 24 
1957-8-9 0-20-•10 470 167 .61 11. 75 48 .56 5. 13 
0-12-•36 230 164 . 26 6. 90 50 .06 8. 26 
Average 0-•20-•20 4l)0 1:4 .02 12-00 48 . 05 5. 00 
cycle 0-•20-•10 420 138 .36 10. 50 33 .89 4. 23 
0-12-•36 240 142 .59 7. 20 41 .43 6. 75 
in Chapter VI. The 0-20-20 mix yielded the highest profits 
on ooth soils; the 0-12-33 mix was the next best mix on Clyde 
soil, while the 0-20-10 mix was the next best one on Cresco 
soil. The highest returns per dollar Invested were obtained 
with use of the optimum amounts of 0-12—36 on Clyde soil; the 
O-2O-2G mix resulted in the highest average returns on Cresco 
soil- The estimated quantities of 0-20-20 mix never differed 
by more then 50 pounds per acre between rotation cycles, 
indicating stability of results over time. The use of ferti­
lizer mixes was in agreement with previous findings that 
heavier applications of fertilizer should be made to the 
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Table 82. Optimum rates of three common fertilizer mixtures 
applied individually to the C-O-M rotation on 
Cresco soil, during specified periods of time 
Rotation 
cycle • 
and years 
Fertilizer 
type 
Optimum 
fertilizer 
rate 
Yield 
S/a.  
Total 
cost 
S/a. 
Net 
rtns. 
Z/e. 
Rtns. 
per î? 
inv . 
1st cycle 0-20-20 340 165.91 10.20 41.11 5.03 
1950-1-2 0-20-10 390 163.23 9.75 38.88 4.99 
0-12-36 250 151.77 7.50 29.67 4.96 
2nd cycle 0-20-20 390 145.59 11.70 37.19 4.18 
1953-4-5 0-20-10 350 136.00 8.75 30.55 4.49 
0-12-36 510 151.18 15.30 39.18 3.56 
3rd cycle 0— 2 0— 2 U 350 185.17 10.50 40.05 4.81 
1956-7-8 0-20-10 410 183.14 10.25 38.27 4.73 
0-12-36 230 16b. 40 6.90 26.88 4.90 
Average 0-20-20 360 165.44 10.80 39.33 4.64 
cycle 0-20-10 380 160.56 9.50 35.75 4.76 
0-12-36 270 152.00 8.10 28.59 4.53 
crops on Clyde soil. On the average, 400 pounds of 0-20-20 
should be applied to the rotation on Clyde soil versus 360 
pounds to the rotation on Cresco soil. Such applications 
resulted in profits of $48.05 on Clyde soil, versus $39.33 on 
Cresco soil. 
Comparison of the profits obtained from use of the 
optimum PgO^ and K^O nutrient combinations and the 0-20-20 
mix shows a striking similarity. On the average, profits 
were £39.35 for the optimum nutrient combination and $39.33 
for the 0-20-^0 mix on Cresco soil. On Clyde soil, the aver­
age rotation function showed profits of $49.21 when the 
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optimum nutrient combination was applied; profits were $48.05 
when trie 0-20-20 mix was used. The implications of the sim­
ilarity in profits are the same as were explained in Chapter 
VI; namely, that recommendations of fertilizer use may be 
greatly simplified if a common fertilizer mix results in as 
high profits as the ex-post optimum nutrient combinations 
over a period of time. 
2. Limited capital situation 
Economic optimum combinations of PgO§ and KgO nutrients 
and optimum quantities of common fertilizer mixes were com­
puted following the criterion of maximizing the rate of 
returns on investments. The same costs and fertilizer prices 
as in Chapter VI were used. Only portions of the results 
are presented for illustrative and discussion purposes. 
a. Optimum nutrient combination The PgO$ and KgO 
quantities that maximize the rate of returns on investment 
for the t.iird and the average rotation cycles on Clyde and 
Cresco soils are presented in Tables 83 and 84. 
Results for Clyde soil indicate that only KgO should be 
applied to the C-O-M rotation in order to maximize average 
returns. Compared with the profit maximizing quantities of 
Table 79, the rates applied under a limited capital situ­
ation are much smaller; for the third rotation cycle, with 
fixed costs of $1.30 and at the average nutrient prices, 
Table 8-3. Quantities of Pg°5 and KgO required to maximize returns per dollar 
invested; C-O-k rotation on Clyde soil during specified periods of time 
Rotation Fixed P%05 KgO PcO 5 Ka 0 To tal Net Returns 
cycles cost price price re tes rates Yield C O  st returns per S 
and years v/& • c/lb. S/lb. lbs. /a. lbs. /a. C'/a. #/ a. S/; 3 . .  invested 
3rd cycle . 8 0  .08 .03 0 .  0  39. 7 139 .11 1 .  99 29 .82 15. 98 
1956-7-8 .80 .10 .05 0 .  0 33. 7 135 .96 2. 49 26 .17 11. 52 
.80 • 15 .09 0 .  0 27. 3 131 .93 3. 26 21 .37 7. 56 
1 .30 .08 .03 0 .  0 45. 4 141 .60 2. 66 31 .63 12. 88 
1 .30 .10 , 0 U  0 .  0 39. 4 133 .97 3. 27 28 .40 9. 68 
1  .30 .15 .09 0 .  0 32. 6 135 .28 4. 23 23 .74 6. 61 
1 .  80 •  0 8  .03 0 .  0 49. 1  142 .91 3. 27 32 .34 10. 88 
1 .80 .10 .05 0 .  0  43. 3 140 .72 3. 96 29 .45 8 .  43 
1 . 8 0  .16 .09 0. 0  36. 3 137 .39 5. 07 25 .02 5. 94 
Average .80 .08 .03 0 .  0 41. £ 119 .42 2. 04 23 .41 12. 50 
.80 • 10 .05 0 .  0 34 . 9 115 .63 2. 55 20 .31 5. 98 
.80 .15 .09 0 .  0 23. 1 110 .70 2. 88 13 .85 5. 81 
1 .30 .08 .03 0 .  0 47. 3 121 .47 2. 72 24 .79 10. 12 
1 .30 .10 .05 0 .  0 40. 9 119 .30 3. 34 21 .98 7. 57 
1 .30 .15 .09 0 .  0 27. 1 112 .96 3. 74 15 .25 5. 08 
1 .80 .08 .03 0. 0 51. • 2 12 .57 3. 34 25 .27 8 .  58 
1 .80 .10 .05 u. ,0 45. 0 120 .74 4. 05 22 .72 6. 61 
1 .80 .15 .06 0 .  , 0  29. 8 114 .37 4. 48 15 .92 4. 55 
Taoie 84. Quantities of PgO^ and KgO required to maximize returns per dollar 
invested; C-O-k rotation on Cresco soil during specified periods of 
time 
Rotation 
cycles 
and years 
Fixed 
cost 
v/ a. 
Pg°5 
price 
#/lb. 
KgO 
price 
S/lb. 
Pg°5  
rates 
lbs./a. 
KgO 
rates 
lbs./s. 
Yield 
V s.  
Total 
cost 
ù/a. 
Net 
returns 
A/a. 
Returns 
per t 
inv ested 
3rd cycle 
19 56-7-8 
.80 
.80 
.80 
.08 
.10 
• lb 
.03 
.05 
.09 
22.4 
24.0 
2%.5 
33.6 
24.6 
15.4 
162.52 
161.1% 
157.17 
3.60 
4.43 
5.56 
24.30 
22.07 
16.99 
7.75 
5.98 
4.05 
1.30 
1. 50 
1.30 
.08 
.10 
.It;  
.03 
.05 
.09 
29.5 
29.8 
27.3 
37.7 
28.9 
19.6 
167.58 
165.64 
161.42 
4.79 
5.72 
7.15 
28.17 
25.29 
19.65 
6.88 
5.42 
3.75 
1.80 
1.80 
1.80 
.08 
.10 
.15 
.03 
.05 
.09 
34.5 
54.0 
30.9 
40. 7 
32.1 
22.8 
170.82 
168.70 
164 .42 
5.78 
6.81 
8.48 
30.42 
27.27 
21.32 
6.26 
5.00 
3.51 
Average 
cycle 
.80 
.80 
.80 
.08 
.10 
.lo 
.05 
.05 
.09 
25 .5 
26 .1 
23.4 
33.0 
20.2 
6.1 
144.04 
141.08 
134.89 
3.83 
4.42 
4.86 
%4.90 
21.36 
14.72 
7.50 
5.83 
4.02 
1.30 
1.30 
1.30 
.08 
.10 
.15 
.0 5 
.05 
.09 
31.4 
31.2 
28.1 
38.5 
26.2 
12.7 
148.54 
145-57 
139.87 
4.97 
5. 73 
6 .66 
28.26 
24.53 
17.91 
6.69 
5.29 
3.69 
1.80 
1.80 
1.80 
.08 
.10 
. lo 
.03 
.05 
.09 
35.6 
34 .9 
31.5 
42.6 
30.7 
17.4 
151.49 
148.60 
143.20 
5.93 
6.8% 
8.09 
30.26 
26.47 
19.81 
6.10 
4.88 
3.45 
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PgO§ rates are reduced by 74.7 pounds and KgO rates by 40.9 
pounas per acre. Profits are also considerably smaller, even 
after adjustment for the difference in fixed costs, 528.40 
versus $50.07. Returns per dollar invested are at a maximum 
of #9.68, versus average returns of £'5.58 when the profit 
maximizing r;,tes of fertilizer are applied. Similar changes 
occur on Cresco soil, though both PgOg and KgO should be 
applied to the rotation in order to maximize the rate of re­
turns on investment. 
Changes in fixed costs and in fertilizer nutrient prices 
have the same general consequences as were discussed in 
Chapter VI, Section C. 
b. Common fertilizer mix The fertilizer quantities 
that maximize the rate of returns on investment when the 
0-20-20, 0-20-10 and 0-12-36 mixes are used for the crop 
rotation are shown in Tables 85 and 86. 
The 0-20-&0 mix yielded the highest profits in all cases 
except for the second rotation cycle on Clyde soil. The rates 
of returns on investment were greatest for the 0-12-36 on 
Clyde soil and for the 0-20-20 mix on Cresco soil. Therefore, 
results for the C-O-M rotation cycles were consistent with 
results obtained previously for the corn response, which pre­
dominated over the oats end hay responses. That is, if cap­
ital were limited and common fertilizer mixtures were applied 
to the crop rotation, the 0-12-36 mix should be used on Clyde 
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Table 85. Quantities of each of three common mixed 
fertilizers required to maximize returns per # 
invested; C-O-k rotation on Clyde soil during 
specified periods of time 
Rotation Fertilizer Total Net Returns 
cycle Fertilizer rate Yield cost returns per $ 
and years type lbs./a. S/a. »/a. $/a. invested 
1st cycle 0-20-20 170 135.40 6 .40 31 .23 5.88 
1950-1-2 0-20-10 190 128.56 6 .05 24 .75 5.09 
0-12-35 120 129.41 4 .90 26 .74 6.46 
2nd cycle 0-20-20 160 107.22 6 .10 24 .29 4.98 
1955-4-5 0-20-10 160 97.05 5 .30 14 .91 3.81 
0-12-36 120 107.10 4 .90 25 .36 6.18 
3rd cycle Q-%0-20 150 14S. 70 5 .80 36 .60 7.31 
1956-7-8 0-20-10 190 143.20 6 .05 29 .85 5.93 
0-12-36 110 147.60 4 .60 35 .70 8.76 
Average 0-20-20 160 129.74 6 .10 29 .67 5.86 
cycle 0-20-10 180 121.31 5 .80 21 .54 4.71 
0—12—3 6 110 126.24 4 .60 27 .67 7.11 
soil and the 0-20-20 mix on Cresco soil. 
Using s common fertilizer mix, instead of the optimum 
nutrient combination, resulted in only slightly lower returns 
per dollar invested. Portions of previous tables are summa­
rized in Table 87 to show the effect of using an appropriate 
mix when capital is limited. The results in Table 87 show 
that the 0-12-35 and 0-20-20 mixes, respectively, were appro­
priate fertilizers for the C-O-E rotation on Clyde and Cresco 
soils. 
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Table 86. Quantities of each of three common mixed 
fertilizers required to maximize returns per S 
invested; C-O-M rotation on Cresco soil during 
specified periods of time 
Rotation Fertilizer Total Net Returns 
cycle Fertilizer rate Yield cost returns per C 
and years type lbs./a. $/a. •'>/a. $/a. invested 
1st cycle 0-20-20 140 145.63 5. 50 25. 53 5. 64 
1950-1-% 0-20-10 170 145.49 5. 55 25. 34 5. 57 
0-l%-36 120 140.1% 4. 90 20.  6% 5. 21 
2nd cycle 0-20-20 160 125.79 6. 10 22. 99 4. 77 
IS 53—4—5 0-20-10 160 122.29 5. 30 20. 29 4. 83 
0-12-36 190 126.09 7. 00 2%. 39 4. 20 
3rd cycle 0-20-20 150 166.05 5. 80 25. 63 5. 42 
1956-7-8 0-20-10 170 164.u6 5. 55 23. 89 5. 30 
0—1%—38 110 157.63 4. 60 18. 41 5. 00 IA 
Average 0—20—20 150 145.90 5. 80 24.  80 5. 
cycle 0-20-10 170 144.34 5. 55 23. 48 5. %3 
0-12-36 130 140.02 5. 20 19. 51 4. 75 
Table 87. Maximum returns per dollar invested in fertilizer 
obtained from application of optimum PgO§ and KgO 
combinations end common fertilizer mixes to the 
C-O-M rotstion 
Rotation cycle 
and soil 
Returns oer £ invested 
Optimum nutrient 
combination 0-12-36 0-20-20 
3rd cycle, Clyde 9.68 8.76 7.31 
Average cycle, Clyde 7.57 7.01 5.86 
3rd cycle, Cresco 5.42 5.00 5.42 
Average cycle, Cresco 5.29 4.75 5.28 
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E. Fertilization Program for the Crop Rotation 
In the foregoing sections the fertilizer quantities that 
should be applied to the crop rotation were estimated, assum­
ing that a single fertilizer application was made. If two 
fertilizer applications were made, as in the experimental 
arrangement explained in Chapter II, new problems arise. 
What quantities of PgO^ should be applied to each crop in 
the rotation? How should the fertilizer rates be adjusted 
if capital were limited? tfhat kind and quantity of mixed 
fertilizer should be applied to each crop in the rotation? 
These questions are examined in the present section. 
1. Unlimited capital situation 
a. Optimum nutrient combination If the PgO^ and KgO 
nutrients were distributed partly on corn, and partly on oats 
and hay, the economic optimum fertilizer applications for the 
crops is as shown in Tables 50, 51 and 55 in Chapter VI. 
Portions of those tables, and the total fertilizer rates and 
profits for the crop rotation are shown in Table 88. Analysis 
of the distribution of the optimum fertilizer rates shows 
that, for Clyde soil, the PgO5 and KgO quantities applied on 
corn were generally more than one half of those applied on 
the oats-hay crops. That is, the corn should receive more 
than one-third of the total fertilizer applied to the crop 
rotation. For the Cresco soil though, the PgO§ and KgO 
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Table 88. Optimum quantities of PgOg and KgO and profits 
for the C-O-M rotation on Clyde and Cresco soils; 
two fertilizer applications 
Soil and 
rotation 
cycle Crop 
p2°5 
rates 
lbs./a. 
KgO 
rates 
lbs./a. 
Yield 
$/a. 
Total 
cost 
&/a. 
Net 
rtns. 
S/a. 
Rtns. 
per S 
inv . 
Clyde 
1st 
cycle 
Corn 
Oats-hay 
Rotation 
30.1 
53.3 
83.4 
31.3 
56.3 
87.6 
55.60 
106.85 
16%.45 
4.58 
8.14 
12.72 
26.88 
25.07 
51.95 
6.87 
4.08 
5.08 
Clyde 
%nd 
cycle 
Corn 
Oats-hay 
Rotation 
2%.9 
41.5 
64.4 
33.1 
68.9 
101.1 
71.20 
61.62 
132.82 
3.95 
7.60 
11.55 
28.57 
15.90 
44.47 
8.24 
3.09 
4.85 
Clyde 
3rd 
cycle 
Corn 
Oats-hay 
Rotation 
25.9 
48.6 
74.5 
27.7 
47.7 
75.4 
87.00 
93.11 
180.10 
3.97 
7.24 
11.21 
38.81 
25.74 
64.55 
10.76 
4.56 
6.76 
Cresco 
1st 
cycle 
Corn 
Oats-hay 
Rotation 
21.8 
56.5 
78.3 
13.8 
47.6 
66.4 
73.40 
94.11 
167•50 
3.12 
8.03 
11.15 
22.93 
18.86 
41.79 
8.35 
3.35 
4.75 
Cresco 
2nd 
cycle 
Corn 
Oats-hay 
Rotation 
20.u 
47.4 
67.4 
23.0 
60.0 
63.0 
67.40 
80.40 
147.80 
3.15 
7.74 
10.89 
13.47 
26.71 
40.18 
5.28 
4.45 
4.69 
Cresco 
3rd 
cycle 
Corn 
Oats-hay 
Rotation 
24.0 
50.2 
74.L 
22.9 
3  3 . 5  
56.4 
91.10 
89.7b 
180.90 
3.55 
6.70 
10.25 
16.80 
19.18 
35.98 
5.73 
3.86 
4.51 
quantities applied on corn were generally less than one-half 
the ra tes applied to the oats-hay crops. The corn should 
receive less than one-third of the total fertilizer applied 
to the crop rotation on Cresco soil. 
The relative proportion of PgO^ and KgO quantities 
applied to the crop rotation varied over the years, especially 
for the o-ts-hay crops. Thus, a specific conclusion regarding 
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the distribution of PgO$ and KgO to each crop in the rotation 
cannot be established. The general conclusion is again that 
relatively more KgO should be used for the crops on Clyde soil 
and relatively more PgOg should be applied to the crops on 
Cresco soil. 
Average total fertilizer expenditure for the crop rota­
tion was approximately S11.80 on Clyde soil and £10.80 on 
Cresco soil. Profits, however, averaged o53.66 on Clyde soil 
versus $39.32 on Cresco soil. Returns per dollar invested 
in fertilizer for the crop rotation were, lower than those for 
corn but higher than those for oats and hay. Returns per 
dollar invested were always hi cher for the crops on Clyde 
soil. 
b. Common fertilizer mix The optimum quantities of 
O-2Q-2O, 0-20-10 and 0-12-36 mixtures for the crop rotation 
on Clyde soil, if two fertilizer applications were made, are 
obtained from Tacl es 56, 57 and 59. The total rates of each 
mixed fertilizer for three rotation cycles on Clyde soil are 
presented in Table 89. 
The estimated fertilizer rates for the rotation were 
very similar to those obtained from the rotation functions 
in Section D. The same conclusions, therefore, apply in the 
present case. Trie 0-20-20 mix resulted in the highest 
profits. Profits were only slightly lower than those obtained 
from use of the optimum PgOg and KgO combinations. Also, use 
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Table 89. Optimum rates of three common mixed fertilizers 
for C-O-k rotstion on Clyde soil during 
specified periods of time ; two fertilizer 
applications 
Rotation Fertilizer Total Ket Returns 
cycle Fertilizer rate Yield cost returns per $ 
and years type les./a. 3/a. -"/a. ./a. invested 
1st cycle 0-20-20 430 162.55 12.90 51.85 5.02 
1950-1-2 0-20-10 490 152.58 12.25 42.58 4.48 
O-lis-36 1:60 145.06 7.80 39.49 6.06 
end cycle 0—2,0—20 390 129.14 11.70 40.59 4.47 
1953-4-5 0-20-10 340 108.83 8.50 23. 51 3.76 
O-lis-36 290 124.65 8.70 39.07 5.49 
3rd cycle 0-20-20 380 177.16 11.40 51.51 6.40 
1956-7-8 0-20-10 480 169.84 12.00 5 3 . 5 5  5.46 
O-lis-36 230 161. 30 -:  6 . 9 0  50.10 8.26 
of the 0-12-36 mix resulted in the highest average returns, 
indice Hug that this mix should ce preferred if limited funds 
were availaole for expenditure on fertilizer. 
With respect to the allocation of the 0-20-20 fertilizer 
mix t:; eacn crop, the corn received more tnan one-third of 
the total amount applied to the rotation. Corn also con­
tributed the largest portion or the profits and gave con­
siderably higher returns per dollar invested in fertilizer 
than the oats and hay crops. 
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2. Limited capital situation 
If a limited amount of money were available to purchase 
fertilizer, hov: would the P2O5 and KgO nutrients be allocated 
to the crops in the rotation so as to maximize profits? The 
criterion for allocation in such a situation is to equate the 
ratio of marginal returns over input prices for each ferti­
lizer nutrient and among the crops. 
The economic optimum quantities of P9O5 end KpO to apply 
to tne corn and the oats-hay crops are obtained from the solu­
tion of the following system of simultaneous equations : 
TCCl/ ÎCp (b-^ + 2b^P^ + b^K^) = m 
1tc1/ ftK (b1£ + 2b14K]_ + b15P1) = m 
(7.1) ^c2^ ^ P ^21 + '^D23F£ + c251"2y = m 
^b22 + 2C24:x2 + C25P2^ = m 
TtpP1 + H kKx + irpP2 + 1TkK£ = C 
where tne symbols are defined as follows : is the price 
of crop i (i = -, 2); "ftp and are the prices of P^^s and 
K.JJ, respectively; b^ j are the regression coefficients j 
(j = 1 to 5) of the production function of crop i; and 
are the pounds of P^O^ end K^O applied per acre to crop 1; 
m is tne ratio of marginal value product over price of the 
P2O5 and %2^ inputs; C is the total expenditure on fertilizer. 
The procedure described above was used for the three 
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rotation cycles on Clyde soil and for the first and third 
rotation cycles on Cresco soil. The two capital restrictions 
assumed were that $8.00 and $4.0% per acre were available for 
purchase of fertilizer. Fertilizer nutrient prices and crop 
prices were set at the average values. Optimum quantities of 
PgO§ and KgO for each crop and for the rotation, the cost and 
profits are presented in Tables 90 and 91. 
The results are of a similar nature for all the rotation 
cycles analyzed. Those for the second rotation cycle on Clyde 
soil will be discussed in some detail for illustration. If 
$8.Ou per acre were available for fertilizer, *3.32 should be 
allocated to the corn and $4.£8 to the oats-hay crops. A 
total of 41.8 pounds of PgO§ and 76.4 pounds of KgO should be 
applied to the rotation. Corn should receive 18.2 pounds of 
PgÛ5 and 30.0 pounds of KgO, while 23.6 pounds of PgOç and 
46.4 pounds of KgO should be used on the oats-hay crops. 
Total profits would be §41.72, of which ^28.08 would be con­
tributed by the corn and 513.64 by the oats and hay. At the 
rates of application calculated, the marginal value products 
of P^Og and KgO were $.26 and $.13, respectively. 
If the expenditure on fertilizer were limited to $4.00 
per acre, $2.62 should be allocated to the corn and $1.38 to 
the oats and hay. A total of 16.2 pounds of Pg05 and 47.5 
pounas of KgO should be applied to the rotation; that is, 
25.6 pounds of PgO§ and 28.9 pounds of KgO less then when 
Table 90. Optimum quantities of PgOg, and KgO and profits for the corn end oats-hay 
crops on Clyde soil under two capital limitations, during specified 
periods of time 
Rotation 
cycle Crop 
Capital 
limit 
v/a. 
P2°5 
rates 
lbs./a. 
KgO 
rates 
lbs./a 
Yield 
• 5/a. 
Total 
cost 
S/a. 
l\et 
returns 
G/a. 
Returns 
per $ 
invested 
kVPp 
$ 
MVPK 
s 
1st 
1950-1-2 
Corn 8.00 
4.00 
16.9 
5.7 
26.6 
22.6 
52.18 
47.37 
5.02 
1.70 
25.01 
21.52 
9.28 
13.66 
.34 
.54 
.17 
.27 
Oats-hay 3.00 
4.00 
32.5 
15.0 
34.6 
15.9 
99.85 
88.03 
4.98 
2.30 
21.23 
12.09 
5.26 
6.26 
.34 
.54 
.17 
.27 
To t al 
C—0—jXI 
8.00 
4 .00 
49.4 
20.7 
61.2 
38.5 
152.03 
135.40 
8.00 
4.00 
46.24 
33.61 
6.78 
9.40 
.34 
. 54 
.17 
.27 
2nd 
19 53-4-5 
Corn 8.00 
4.00 
18.2 
12.9 
30.0 
26.5 
70.13 
67.71 
3 .32 
2.62 
28.08 
26.3? 
9.46 
11.06 
.26 
.43 
• 13 
.22 
Oats-hay 8.00 
4.00 
23.6 
3.3 
46.4 
21.0 
56.44 
45.14 
4.68 
1.38 
13.64 
5.64 
3.91 
5.09 
.26 
.43 
.13 
.22 
Total 
C —0 —&L 
8.00 
4.00 
41.8 
16.2 
76.4 
47.5 
126.57 
112.85 
8 .00 
4.00 
41.72 
22.01 
5.22 
9.00 
.26 
.43 
.13 
.22 
3rd 
1956-7-8 
Corn 8.00 
4.00 
13.9 
0.0 
25.5 
22.3 
84.58 
79.02 
2.67 
1.12 
37.74 
33.73 
15.13 
31.12 
.26 
.46 
.13 
.23 
Oats-hay 8.00 
4.00 
36.8 
21.5 
33.0 
14.7 
86 .65 
77.72 
5.33 
2.88 
21.19 
14.71 
4.98 
6.11 
.26 
.46 
.13 
.23 
Total 
C—0—1*1 
8.00 
4.00 
50.7 
21.5 
58. 5 
37.0 
171.23 
156.74 
8.00 
4.00 
58.93 
48.44 
8.37 
13.11 
.26 
.46 
.13 
.23 
Table 91. Optimum quantities of Pg°5 and KgO and profits for the corn and oats-hay 
crops on Cresco soil under two capital limitations, during specified 
periods of time 
Rotation 
cycle Crop 
Capital 
limit 
4/a • 
P225 
rates 
lbs./a. 
KgO 
rates 
lbs./a. 
Yield 
S/8. 
Total 
cost 
3/s -
F et 
returns 
$/a • 
Returns 
per $ 
invested 
kVPp 
S T" 
1st Corn 8.00 19.8 16.1 72.85 2.78 22.69 9.16 .25 .13 
1950-1-2 4.00 17.£ 12.8 71.37 2.36 21.63 10.16 .45 .22 
Oats-hay 8.00 33.4 37.5 89.14 5.22 16.70 4.20 .25 .13 
4.00 4.2 24.4 76.64 1.64 7.78 5.74 .45 .22 
Total 8.00 53.2 53.6 161.99 8 • Ou 39.39 5.92 .25 .13 
C-O-k 4.00 21.4 37.2 148.01 4.00 29.41 8.35 .45 .22 
•3rd Corn 8.00 17.5 21.4 89.92 2.82 16.36 6.80 .22 .11 
1956-7-8 4.00 3.5 18.0 84.38 1.26 12.33 10.82 .48 .24 
Oats-hay 8.00 42.7 18.1 92.05 5.18 23.00 5.44 .22 .11 
4.00 27.4 0.0 83.99 2. 74 17.38 7.34 .48 .24 
Total 8.00 60.% 39.5 181.97 8.00 39.36 5.92 .22 .11 
C-O-k 4.00 30.9 16.0 168.37 4.00 29.76 8.44 .48 .24 
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$8.00 were available for fertilizer expenditure. On Clyde 
soil, the reduction in applied nutrients was proportionally 
greater for the PgO^ in all cases. However, the most impor­
tant fact is that the applied fertilizer rates should be 
reduced mainly for the oats and hay crops. Corn should re­
ceive 12.9 pounds of P%0§ and 26.5 pounds of KgO, whereas the 
oats and hay crops should receive only 3.3 pounds of PgO§ and 
£1.0 pounds of KgO per acre. Total profits would now be 
v3£.01, to which the corn would contribute $26.37, and the 
oats and hay §5.64. The marginal value products of PgOg and 
KgO at the rates of application calculated were #.54 and 
§.27, respectively, considerably higher than before. 
The effect of fertilizer expenditure limitations are 
shown graphically for the second rotation cycle on Clyde soil 
in Figure 18. The reduction in fertilizer rates applied to 
each crop and to the rotation as a whole is represented by 
the distance between the symbols on the expansion paths. 
While the distance is short for corn, it is long for the 
oats and hay crops. If limited funds were available for 
fertilizer purchase, a larger portion of such funds should be 
spent to fertilize corn rather than oats and hay. 
1001 . 1 r 
RIDGELINE 
EXPANSION PATH 
ECONOMIC OPTIMA, UNLIMITED FUNDS 
ECONOMIC OPTIMA, $ 8.00 EXPENDITURE 
ECOMOMIC OPTIMA $ 4.00 EXPENDITURE 
20 30 40 50 60 70 
% 
CJi 
90 100 110 120 130 
Figure 18 
KgO LBS PER ACRE 
Relative reduction in fertilizer rates applied to corn, oats 
and hay when funds for fertilizer expenditure are limited; 
Clyde soil, second rotation cycle 
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F. Summary and Conclusions 
In this chapter value-product functions for the C-O-K 
rotation on Clyde and Cresco soil were estimated. The assump­
tion was made at first that only one fertilizer application 
was made to the crop rotation. Production surfaces, iso-
quants, isoclines and marginal rates of substitution were 
derived from the rotation functions. Economic optimum rates 
of phosphate and potash for the C-O-h rotation were estimated, 
assuming different fertilizer prices and unlimited capital 
availability. The general conclusions are the same as those 
of Chapter VI. Greater amounts of fertilizer should be 
applied to the crop rotation on Clyde soil than on Cresco 
soil. The optimum input combinations for the rotation on 
Clyde soil included proportionally more KgO than PgO§; the 
inputs were combined in more even quantities when used for the 
rotation on Cresco soil. In case a fertilizer mix were used, 
tne 0-20-20 mix was the most appropriate one for the crop 
rotation. However, if limited capital were available, 
smaller fertilizer rates should be applied and the 0-12-36 
mix should be used for the crops on Clyde soil. 
A fertilization program for the C-O-h rotation was 
studied, considering that two fertilizer applications were 
made: one to corn and one to oats and hay jointly. In gen­
eral, the conclusion was that, on Clyde soil, corn should 
receive more than one-third of the total amount of fertilizer 
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applied to the crop rotation. On Cresco soil, corn should 
receive less than one-third of the total fertilizer applied 
to the rotation. If a common mix were used, the 0-20-20 mix 
should be applied to all crops as long as unlimited capital 
was available. 
If funds for expenditure on fertilizer were limited end 
crops could be fertilized individually, in general e greater 
proportion of the PgO§ and KgO should be epplied to corn 
rather than oats and hay jointly. If capital limitations 
were severe, only corn should be fertilized. Also, the quan­
tities of PgO^ and KgO applied should not be reduced in the 
same proportion due to expenditure restrictions. Either PgO^ 
or KgO should be reduced in relatively greater amounts, de­
pending on the crop and soil considered. Specifically, PgO$ 
should be reduced more than KgO for the crops on Clyde soil; 
both nutrients should be reduced more evenly for the crops on 
Cresco soil. Hence, great attention should be paid to the 
PgO§ and KgO nutrient combination if quantities smaller than 
optimum were applied. If common fertilizer mixtures are used, 
changes in the type of mixture should be considered for dif­
ferent levels of fertilization and yields. 
In Chapter VIII, statistical confidence limits are 
established for some of the economic and technical quantities 
derived from the estimated production functions. 
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VIII. STATISTICAL CONFIDENCE LIMITS FOR ISOQUANTS, 
ISOCLINES AND ECONOMIC OPTIMA 
A. Introduction 
In previous chapters production functions, isoquants, 
isoclines and maximum profit points were computed from the 
fertilizer response date.. Probability statements were attach­
ed to the production functions estimated. However, no meas­
ures of reliability were given for the quantities derived from 
such production functions. As conclusions and recommendations 
are put forward on the basis of such derivations, determina­
tion of statistical confidence intervals for the point esti­
mates obtained is desirable. 
In the present chapter, confidence intervals are computed 
for isoquants, isoclines and maximum profit points of the 
average production functions for corn on Clyde and Cresco 
soils. The purpose is to illustrate the procedure and to 
discuss the implications of the expected statistical vari­
ability of the estimates for the results obtained previously. 
B. Methodology and" Results 
The method followed in computing measures of reliability 
for isocuants, isoclines and maximum profit points is that 
proposed by Fuller (9). The coded form of the production 
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functions^ was used for the derivations that follow. 
1. Isoquants 
The confidence boundaries for isoquants were computed 
from equations of the following form: 
where Yc are points on the confidence boundpry; A denotes the 
matrix of sums of squares and products of the independent 
variables in equation (3.1); q is the vector of deviations 
of these variables from their respective means for some point 
(P0,K0); y(PQ,K0 j is the estimated value of Y at point 
(P0,K0); s is the standard error of estimate; Is the 
tabular t-value at probability (1-^); n is the number of 
observations. 
The s^ values of the average production functions for 
corn on Clyde and Cresco soils were 2.476 and .262, respec­
tively . 
The 95 per cent confidence limits for the 60 and 70 
bushel isoquants of corn on Clyde soil, and for the 70 and 
75 bushel isoquants of corn on Cresco soil were computed 
^See Chapter IV, Section B. The inverse of the variance-
covariance matrix for the coded functions is a diagonal 
matrix. Use of this matrix greatly simplifies the subsequent 
computations. 
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evaluating equation (8.1) by successive approximations as 
suggested by Fuller- The 95 per cent confidence boundaries 
are shown graphically in Figures 19 and 20. The confidence 
boundaries establish that, given the conditions underlying 
the response function, the yields defined by an isoquant are 
obtained by application of the Pr>05 and Kg0 combinations in­
cluded within the boundaries, with a probability of 95 per 
cent. For example, given the sarnie environmental conditions, 
70 bushels of corn could be obtained on Clyde soil in 19 out 
of 20 cases, with application of 25.0 pounds of KgO in combi­
nation with quantities of PgO§ varying between 4.5 and 20.0 
pounds. The confidence boundaries are wide in Figure 19, 
especially for the Pg0§ input. However, the fact that the 
confidence boundaries for the 60 and 70 bushel isoquants do 
not overlap indicates that significantly different input 
combinations are required to produce either yield. 
The 95 per cent confidence intervals of the corn iso­
quants on Cresco soil are shown in Figure 20. The confidence 
regions are narrower than those for corn on Clyde soil. The 
difference is due mainly to the smaller standard error of 
estimate of the average production functions for corn on 
Cresco soil. The confidence boundaries in Figure 20 are 
wider for the KgO input. For instance, a 75 bushel yield 
of corn could be produced by using 15.0 pounds of KgO in 
combination with 11.0 to 17.0 pounds of PgO$, with a 95 per 
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Figure IS. Upper and lower 95 per cent confidence limits 
for two corn Isoquants; average corn response 
on Clyde soil 
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Figure 20. Upper and lower 95 per cent confidence limits 
for two corn Isoquants; average corn response 
on Cresco soil 
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cent probability. Alternatively, 15.0 pounds of P£°5 could 
be coihcined with 9.5 to 18.0 pounds of KgO and produce 75 
bushels of corn. The relative width of the confidence limits 
for each input follows from the magnitude of the t values of 
the partial regression coefficients of the average production 
functions for corn.^ 
2. Isoclines 
The confidence boundaries for the isoclines are defined 
by the following expression: 
(8.2) R2 (w^ - t^s^c-^j) - 2R (w-j_wg - t2s2c12) 
+ w| - t^s^Cgg ^  0 
where w^ is the denominator and Wg is the numerator of equa­
tions (3.8) or (3.9); R = and the ciisÉ: are the variances 
and covariances of the w^• 
The 95 per cent confidence intervals were computed for 
the isoclines where the marginal rate of substitution of PgO$ 
for KgO is equal to 2.0, or where the price ratio Ttp/ = 
fc.O. 
The equation of the 95 per cent confidence boundary for 
the 2.0-isocline of the average function for corn on Clyde 
soil is: 
-'-Sea Tables 16 and 17 in Chapter IV. 
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(8.3) 1,263.9 K2 - 2,307.9 K - 1,182.0 PK + 894.0 
+ 938.2 P + 201.9 P2 = 0 
The 2.0-isocline ana its estimated confidence limits ere 
shown in Figure 21. The confidence region is wide, espe­
cially for the PgO5 input, and includes the lower ridgeline. 
The 95 per cent confidence interval for the 2.0-isocline 
of the average function for corn on Cresco soil was computed 
from equation: 
(6.4) 159.c P* + 59.0 F - 357.4 PK + 3.0 - 53.5 K 
+ 171.8 K% = 0 
The isocline and its corresponding confidence boundaries 
are presented in Figure 22. The confidence region is narrow, 
especially nerr the mean levels of PgO^ end KgO application. 
At 15.0 pounds of KgO, PgOg substitutes for KgO at the rate 
of 2 to 1 in the range between 10.5 and 15.0 pounds of Pg0§. 
Since the isoclines converge at the point of meximum 
yield, the confidence boundaries include all isoclines at 
the higher yield levels. Replacement rates and price ratios 
are unimportant at une high yield levels, where the inputs 
approach the condition of technical complementarity. Hence, 
if the economic optimum yield is close to the maximum yield, 
like in the present corn experiments, determination of the 
optimum fertilizer rates is very much simplified. However, 
at the lov.er input levels the 95 per cent confidence bound­
aries for the corn isoclines on Cresco soil do not overlap; 
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Figure 22- Upper and lower 95 per cent confidence limits 
for the 2.O-isocline; average corn response 
on Cresco soil 
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hence, substitution rates and price ratios are important at 
the lover yield levels. 
3. The economic optimum quantity of inputs 
Approximate confidence regions for the maximum profit 
points were estimated according to the procedure described by 
Fuller (9, pp. 87-89). The 9J and 95 per cent confidence 
limits were computed for the maximum profit points obtained 
when corn and fertilizer nutrients are valued at the average 
prices mentioned in Chapter VI. 
The equations of the 90 and 95 per cent confidence 
regions for the optimum level of inputs for the average corn 
response on Clyde soil are : 
(8.5) 46.3 P& + 65.1 P - 12U.2 PK - 214.3 K + 139.8 K2  
+ 45.8 = 0 
(8.6) 45.3 P2 + 65.1 P - 120.2 PK - 214.3 K + 139.8 lic 
+ 54.0 = 0 
The confidence regions derived from equations (3.5) and 
(8.6) are shown in Figure 23. The regions are wide, espe­
cially in the direction of the PgO§ axis. The 90 per cent 
confidence region includes the point of maximum yield and all 
other optimum levels of inputs obtained under the alternative 
price combinations assumed in Chapter VI. A general conclu­
sion derived from Figure 23 is that at le-st 21.0 pounds of 
KgO should be used in combination with Pg0§, or at least 
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Figure £4. Confidence regions for the maximum profit point; 
average corn response on Cresco soil 
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7.5 pounds of P%0§ should be used in combination with KgO in 
order to reach the optimum level of corn yield. Application 
of fertilizer quantities smaller than those covered by the 
confidence region would most likely fail to maximize profits 
for an average corn response on Clyde soil. 
The equations of the 90 and 95 per cent confidence 
intervals for the maximum profit point of the average corn 
response on Cresco soil are: 
(8.7) 5.3.1 p2 - 35.6 P - 39.9 PK - 6.4 K + 21.1 K2 
+ 8.2= 0 
(8.8) 53.1 P2 - 35.6 P - 39.9 PK -6.4K+ 21.1 K2 
+ 10.3 = 0 
The boundaries defined by equations (8.7) and (8.8) are 
shown in Figure 24. The confidence intervals are considerably 
smaller than those for the average corn response on Clyde soil 
shown in Figure 23. As for the isoquants and isoclines, the 
confidence interval is wider for the KgO input for corn on 
Cresco soil. At a 90 per cent probability level, the maximum 
point is detained by using 20.5 to 31.0 pounds of KgO in 
combination with 24.0 pounds of PgO^. Alternatively, if 
26.0 pounds of KgO are applied, the maximum point is reached 
90 per cent of the time with combined application of 21.0 
to 27.5 pounds of PgO$. 
The 90 per cent confidence region for the average corn 
response on Cresco soil also includes the point of maximum 
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yield and the optimum levels of output obtained under the 
various price combinations presented in Chapter VI. 
C. Discussion and Conclusions 
The statistical confidence limits computed in the present 
chapter show that considerable variability is associated with 
the quantities derived from the estimated production functions. 
The statistical variability of isoquants, isoclines and max­
imum profit points should be greater for annual production 
functions that had lower R2 values and some non-signifieant 
partial regression coefficients. The nature of the experi­
mental data used in this study, originally not intended for 
a production function analysis, allowed too few degrees of 
freedom for statistical tests and was a cause of the long 
confidence intervals obtained. In spite of the large expected 
variability of the point estimates computed throughout this 
study, such estimates are the best ones insofar as they are 
functions of regression coefficients that fulfill the statis­
tical requirements of "good11 estimators. 
Some specific conclusions can be derived from the anal­
ysis of the present chapter• The confidence boundaries for 
the isoquants considered did not overlap; hence, significantly 
different PgOg and KgO combinations can be specified for pro­
duction of given outputs. From the average production func­
tions of corn, input combinations can be predicted with 95 
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per cent probability for ten bushel yield increases on Clyde 
soil, and for five bushel yield increases on Cresco soil. 
Hence, optimum step-by-step input combinations can be estab­
lished according to crop-fertilizer price ratios. 
A characteristic of the quadratic equation is that its 
isoclines converge at the maximum yield point. As a conse­
quence of this characteristic, the confidence Intervals for 
the isoclines considered in this chapter included all other 
isoclines approaching the maximum yield point. Hence, fixed 
input combinations can be established for all yields near the 
maximum, regardless of fertilizer nutrient price ratios. 
Furthermore, if the possibilities of input substitution ere 
limited throughout all yield levels (isoclines close together) 
fixed Input combinations can be established for any yield 
level regardless of fertilizer nutrient price ratios. For 
example, for corn on Clyde soil, the confidence interval for 
the 2.O-isocline included all other computed isoclines end 
the lower ridgeline. There was not a statistically signifi­
cant difference among the computed isoclines, and any one of ^ 
them could represent a least-cost PgOg-KgO combination for 
production of the same yields. On the other hand, for corn 
on Cresco soil, the isoclines were separate (greater pos­
sibilities of input substitution) and their confidence bound­
aries did not overlap at the low yield levels. Hence, dif­
ferent PgO§ and KgO combinations should be used for production 
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of a given (low) yield, depending on the fertilizer nutrient 
price ratios. 
The confidence boundaries for the optimum PgO§ and KgO 
levels of application to corn on Clyde and Cresco soils in­
cluded all maximum profit points obtained under the alterna­
tive price combinations specified in Chapter VI. This result 
confirms the conclusion derived from the confidence limits 
for the isoclines. If the optimum yield level is close to 
the maximum yield, as in the corn experiments analyzed in the 
study, a fixed PgO5-KgO combination may be specified, within 
certain Units, regardless of fertilizer price ratios. The 
PgOcj and KgO combination specified could normally be expected 
to approach the maximum profit point. 
The statistical confidence limits mean that over repeated 
trials, the estimated quantities will include the "true" 
parameters with the frequency specified by the stated prob­
ability. Weather variability though, affects crop yields 
so that the "true" production function may be different for 
each year. In this respect, the information obtained in the 
present study from fertilizer trials conducted over several 
years is of great value for methodological and for practical 
purposes. The consistency of results over time as discussed 
in Chapters IV and VI, lends considerable support to the 
conclusions arrived at in this study. In relation to the 
confidence limits determined in the present chapter, the 
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optimum levels of PgO§ and KgO applications computed for each 
year generally were included within the confidence regions 
shown in Figures 23 and 24. Also, the isoclines for corn on 
Clyde soil showed less annual variation than the statistical 
variation allowed by the confidence limits of Figure 21. 
The analysis of the present chapter, therefore, does 
not invalidate previous findings. Rather, the analysis 
stresses the most important findings and indicates those which 
can be disregarded from a practical standpoint. In summary, 
the implication for previous results are: (a) Crop-fertilizer 
price ratios are important, but discrete input quantities 
appear to be sufficiently accurate for attainment of success­
ive yield increases, given the expected yield variability. 
(c) The effect of alternative fertilizer nutrient combinations 
on yields and profits can be very significant and hence great 
attention should be paid to the input combinations used. 
Particularly, if fixed-ratio fertilizer mixtures were applied 
to a crop, use of different types of mixtures should be con­
sidered for attainment of different yield levels. (c) When 
good substitution between plant nutrients exists, input 
combinations should be determined in accordance with ferti­
lizer nutrient price ratios for attainment of the initial 
yield increases, as in limited capital situations. (d) If 
the optimum level of output is close to the maximum yield, 
fertilizer nutrient price ratios can be disregarded for 
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determination of optimum input combinations. In this case, 
input combinations can be determined from purely technical 
knowledge. 
Optimum fertilizer nutrient quantities and combinations 
were determined ex-post in great detail in the present study. 
The foregoing conclusions indicate that these input quantities 
and combinations can be determined ex-ante in discrete amounts, 
such as five pounds of plant nutrients. These input quan­
tities would yield sufficiently accurate results, given the 
present statistical variability of the estimates and the ex­
pected variability of the annual production functions, due 
to climatic and other influences. The degree of refinement 
in the recommendations put forward will depend on the degree 
of accuracy of estimation of the production functions. Hence, 
improvemento in the design and conduct of fertilizer experi­
ments, including a better knowledge of soil and weather 
effects upon crop yields, would be of the greatest value for 
future economic analysis of crop response to fertilizer and 
for the practical recommendations derived from such research. 
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IX. SUMMARY 
Fertilizer is an important resource for agriculture. 
Fertilizer expenditures often constitute a large portion of 
the cash expenditures for crop production. Great profits can 
be obtained fron. fertilizer use; however, losses may occur if 
incorrect amounts and inappropriate nutrient combinations 
are applied. Hence, better knowledge of the technical and 
economic relationships involved in crop fertilization under 
various environmental conditions is needed for efficient crop 
production and increased profits. 
The present study is an economic analysis of fertilizer 
response data of crops grown on different soils end over a 
period of years. The main objectives of this study were: 
(a) To estimate annual fertilizer production functions and 
determine their variability due to location, soil, and weather 
factors. (b) To generalize the fertilizer production func­
tions by including location, soil, and weather factors as 
variables in the functions, (c) To estimate economic optimum 
rates of fertilization under various environmental conditions 
and under alternative price and capital situations, (d) To 
examine the reliability of the technical and economic quan­
tities estimated from the production functions by establish­
ing statistical confidence limits for such quantities. 
Data used in this study were from long-time experiments 
conducted at three Iowa locations (Howard County, Hancock 
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County, and Wayne County) comprising five different soils 
(Clyde, Cresco, Acid Webster, Calcareous Webster and Seymour). 
2 
Phosphate and potash were applied in a 3 factorial arrange­
ment to a corn-oats-meadow (C-O-M) rotation over a period of 
years. Each nutrient was applied at levels of 0, 45, and 90 
pounds per acre to the crop rotation; one-third of the ferti­
lizer was applied to corn and the rest to oats. The meadow 
did not receive a direct fertilizer application, other than 
at seeding time simultaneously with oats. 
Chapters I and II outlined the nature and scope of this 
study. In Chapter III the methodology for derivation of eco­
nomic arid tecnnical relationships form the production func­
tions was presented. In Chapter IV the corn, oats and meadow 
responses to PgO^ and K<?0 were determined by means of anal­
yses of variance. Crop response was to both PgOg and KgO on 
Clyde and Cresco soils, but only to PgO^ on the other three 
soils. Quadratic equations were fitted by regression methods 
to the experimental data in order to characterize the crop 
response functions. Generally, the production functions had 
2 
R values higher than .90, indicating that the quadratic 
equation was an adequate model for representation of the 
fertilizer-yield relationships studied. Production surfaces, 
isoquants and isoclines were derived for several of the pro­
duction functions estimated and were presented graphically. 
Marginal rates of substitution between P2O5 and KgO were also 
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computed for some production functions. The possibilities 
of nutrient substitution were good for corn and hay on Cresco 
soil, and for oats and hay on Clyde soil; they were limited 
for corn on Clyde soil. The nature of crop response over 
time was fairly consistent for all crops grown on given soils. 
In Chapter V combined analyses of variance were computed 
in order to assess the relative contribution of soils, 
weather and fertilizer nutrients to yield variation at each 
experimental location. Generally, the three factors analyzed 
contributed significantly to yield variation, the largest 
proportion being due to weather. Significant weather x soil, 
soil x fertilizer, and weather x fertilizer interactions also 
occurred. 
A method was devised to derive weather indices for the 
crops from rainfall and temperature data at the locations 
studied. The weather indices explained approximately 57 per 
cent of the corn yield variation, 60 per cent of the oats 
yield variation and 70 per cent of the hay yield variation. 
Generalized production functions were estimated from the 
pooled experimental data by regression methods. Location 
variables, soil nutrient test values, weather indices, ferti­
lizer inputs and several interaction terms were included in 
the generalized production functions to characterize the yield 
response to fertilizer under various environmental conditions. 
O 
The R values of the generalized production functions were 
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between .55% and .928. The overall regressions were all 
statistically highly significant. Isoquants, isoclines and 
marginal rates of substitution were computed for two of the 
generalized production functions of corn for comparison and 
illustrative purposes. 
In Chapter VI economic optimum rates of application of 
PgO§ and Kg0 were estimated for corn, oats and meadow. 
Alternative crop and fertilizer prices, capital limitations 
and different types of fertilizer mixtures were considered 
in the analysis. Results were fairly consistent for the 
crops on different soils and over the years. Large changes 
in crop prices resulted in great differences in profits, but 
had little effect on the optimum PgOg and KgO rates of appli­
cation. Fertilizer price changes had a greater effect on 
fertilizer rates, especially for oats and hay; but the effect 
on profits was smaller than that produced by crop price 
changes. Differences in crop response due to weather resulted 
in considerable differences in the optimum level of yields 
and in profits. However, the estimated optimum fertilizer 
rates for a given crop and soil were similar in all years, 
especially for corn. 
If capital was assumed limited, the criterion for allo­
cation of fertilizer was to maximize the rate of returns on 
investment. In this case, fertilizer amounts smaller than 
the profit maximizing ones should be applied. Only KgO 
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should be applied to corn on Clyde soil under most circum­
stances . Increases in fixed costs called for larger rates of 
PgOg and KgO application, in order to reduce the cost per 
unit of output and maximize returns per dollar invested. 
Changes in crop prices and in fertilizer nutrient prices had 
consequences similar to those observed under the unlimited 
capital situation. 
Application of different types of fertilizer mixtures for 
a crop in a given environmental condition resulted in great 
differences in profits. Hence, choice of an appropriate 
fertilizer mix for a given crop and soil was an important-
problem. The u-c0-20 mix was the oest one for the crops on 
Clyde and Cresco soils if capital was unlimited. Generally, 
use of this mix resulted in profits only slightly lower than 
those obtained by use of the optimum p£Û5-KgO combination. 
If capital was assumed limited, the 0-12-36 mix was the best 
one for corn on Clyde soil; for o'cher crops and soils, the 
0-20-20 mix was the most appropriate one. 
The pro clem of selecting a production function for 
ex-ante determination of the best fertilizer rates under 
weather uncertainty was analyzed from the standpoint of max­
imization of profits over time. Generally, the rates of 
fertilizer application predicted by the average production 
function were the most adequate ones for the crops and soils 
studied. Use of the U-20-20 mix resulted in total profits 
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only slightly lower than those obtained by use of the optimum 
nutrient combinations in the long-run. Hence, the average 
production function appeared to be the most appropriate 
choice for ex-ante estimation of fertilizer rrtes under 
weather uncertainty, in case either optimum nutrient combi­
nations or common fertilizer mixtures were used. 
In Chapter VII rotation functions were estimated in 
terms of total value-product for the C-O-M rotation on Clyde 
and Cresco soils, assuming that only one fertilizer applica­
tion was made to the crop rotation. Production surfaces, 
isoquants and isoclines were derived from the rotation 
functions and were presented graphically. Input combinations 
and marginal rates of substitution for different dollar-
yield levels were computed from the rotation functions. 
The results obtained for the C-O-M rotation cycles on each 
soil were fairly consistent over time. Economic optimum 
rates of P^O^ and K^O were estimated for the C-O-M rotation, 
assuming different fertilizer prices and capital situations. 
In general, more fertilizer should be applied to the crops 
on Clyde soil than on Cresco soil; more KgO relative to PgO^ 
should be used on Clyde soil. If a fertilizer mix were used, 
the 0-20-20 mix was most appropriate if capital was unlimited ; 
if limited capital were available, the 0-12-35 mix should be 
preferred for the crop rotation on Clyde soil. 
A fertilization program was studied for the C-O-M 
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rotation considering that fertilizer was applied partly to 
corn and partly to oats and hay. On Clyde soil, corn should 
receive more than one-third of the total fertilizer applied 
to the crop rotation; whereas on Cresco soil corn should 
receive less than one-third of the total fertilizer applied. 
If funa s for fertilizer expenditure were limited, a greater 
proportion of the fertilizer used should be applied to corn 
rather than oats and hay. The reduction in Pg05 and KgO 
imposed by expenditure restrictions should not be equi-
proportional for all crops and soils. In general, PgOg 
should be reduced proportionally more than KgO on Clyde 
soil, especially for corn ; both nutrients should be reduced 
more evenly for crops on Cresco soil. Hence, great attention 
should be paid to P^0$ and K%0 combinations if smaller than 
optimum amounts were to be applied. 
In Chapter VIII statistical confidence limits were com­
puted for isoquants, isoclines and maximum profit points of 
the average production functions for corn on Clyde and Cresco 
soils. The confidence boundaries were wider for corn on 
2 Clyde soil, due to the lower R value of the production func­
tion and the larger standard error of estimate. The confi­
dence limits were narrower for the K.-O input on Clyde soil; 
they were narrower for the P^O^ input on Cresco soil. The 
relative width of the confidence limits for each input fol­
lowed from the magnitude of the computed t-value of the 
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corresponding regression coefficients. 
The main implications of the analysis of Chapter VIII for 
previous results was to stress that, given the present statis­
tical variability of estimates, sufficient precision is incor­
porated in the determination of fertilizer nutrient quantities 
and combinations by specifying these in discontinuous or 
stepped amounts. The degree of refinement of such recommenda­
tions would depend on the accuracy of estimation of the produc­
tion functions from experimental data. Attention should be 
paid in all cases to crop-fertilizer price ratios, and to the 
input combinations used, that must conform with the technical 
knowledge of the response functions. If the possibilities of 
nutrient substitution were good, optimum input combinations 
should be determined on the basis of fertilizer nutrient 
price ratios. If the possibilities of nutrient substitution 
were limited, input combinations can be determined in prac­
tice from pure technical knowledge. This case occurs when­
ever the optimum level of output is close to the maximum 
yield point, where all isoclines converge. 
The findings of Chapter VIII were in accordance with the 
results obtained from the analysis of annual production func­
tions end economic optima. Improvements in the design end 
control of long-time fertilizer trials, including a better 
knowledge of the effect of soil and weather factors upon crop 
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yields, would be of the greatest value for the purpose of 
estimating production functions. 
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XII. APPENDIX A: MEAN TREATMENT YIELDS 
OF CORN, OATS AND HAY 
Table 92. Mean yields of corn (bushels per acre) for varying 
levels of fertilizer on Clyde soil during 
specified years 
Fertilizer rates (les./a.) Years 
?%05 KgO 1950 1953 1956 1959 Average 
0 0 23.7 39.5 44.3 57.5 41.25 
0 15 38.9 53.6 73.3 73.l 59.72 
0 30 44.3 58.0 78.4 77.2 64.48 
15 0 30.8 37.6 45.4 55.1 42.22 
15 15 44.. 'c 64.2 75.6 75.9 64.98 
15 30 50.9 67.6 84.9 86.8 72.55 
30 0 25.0 29.1 40.0 41.2 33.81 
30 15 50.2 54.7 78.8 77.2 65.22 
30 30 55.0 70.4 86.3 86.7 74.60 
Table 9-3. Mean yields of corn (bushels per acre) for varying 
levels of fertilizer on Cresco soil during 
specified years 
Fertilizer rates 
( lbs ./a.) Years 
p£Û5 K20 194? 1950 1953 1956 1959 Average 
0 0 59.5 46.1 52.7 70.3 75.7 60.86 
0 15 62.7 52.4 53.4 82.9 77.2 65.72 
0 30 63. 5 53.0 52.6 80.4 73.1 64.52 
15 • 0 70.4 67.6 55.5 75.0 76.3 6 c.96 
15 15 69.0 71.1 64.9 87.2 83.2 75.08 
15 30 70.c 66.4 66.9 89.5 90.9 76.78 
30 0 64.9 63.3 50.9 78.7 79.2 67.52 
30 15 70.0 71.1 65.6 87.8 90.0 77.08 
30 30 74.3 72.0 64.1 90.4 95.5 79.26 
Table 94. Mean yields of corn (bushels per acre) for varying levels of fertilizer 
on Acid Webster soil during specified years 
Fertilizer rates (lbs./a.) Years 
P^Og KgO 1954 1955 1956 1957 1958 1959 1960 Average 
0 0 65.2 50 .9 62.9 74.5 74.9 55.5 63.3 63.83 
0 15 64.7 45.2 65.3 72.8 60.9 69.3 73.5 64.51 
0 30 67.9 38 .3 67.1 67.7 61.7 63.0 63.5 61.30 
15 0 71.7 56.8 69.7 83.9 90.1 79.2 77.4 75.57 
15 15 74.0 49.8 58.4 83.1 84.4 81.8 71.1 71.87 
15 30 71.6 56.9 67.7 88.4 84.9 76.0 73.6 • 74.14 
30 0 68.5 59.7 70.2 86.7 95.0 86.9 78.5 77.96 
30 15 70.1 66.3 81.4 88.5 99.7 88.3 81.1 82.13 
30 30 73. 3  55.3 73.8 89.1 9%.5 83.9 76.7 77.90 
Table 95. Mean yield of corn (bushels per sere) for varying levels of fertilizer 
on Calcareous Webster soil during specified years 
Fertilizer rates (lbs./a.) Years 
Pg°5 Xg0 1954 1955 1956 1957 1958 1959 1960 Average 
0 0 57.0 44.6 47.6 55. 5 50.2 42.4 5 5.3 50.08 
0 15 54.9 39.4 48.8 57.8 54.0 33.0 51.3 48.46 
0 30 56.9 37.7 63.8 56.1 55.4 42.8 54.6 52.46 
15 0 62.5 50.4 56.8 79.5 77.6 67.0 74.6 66.92 
15 15 60.8 52.8 65.5 62.0 81.0 67.2 72.2 66.79 
15 30 65.2 48.8 43.6 76.9 8k.4 48.0 75.8 62.95 
30 0 61.4 50.5 56.6 89. 7 85.6 74.8 85.8 72.05 
30 15 65.7 60.4 67.2 90.5 96.0 87.9 106.0 81.95 
30 30 65.8 59.4 67.4 91.2 100.8 75.5 97.3 79.63 
'lable 96. Mean yield of corn (bushels per acre) for varying levels of fertilizer 
on Seymour soil during specified years 
Fertilizer 
rates 
( lbs ./&.) Years 
Pg05 KgO 1949 1951 1952 1953 1954 1955 1956 1957 1958 1959 1960 Average 
0 0 6 b .0 70 .8 91 .4 52.0 17.6 7.3 59 .3 75 .3 92 . 7 111 .8 88 .7 66 .81 
0 15 71 .6 62 .7 105 . 2 54.6 17.8 10.4 54 .9 79 .3 99 .4 111 .7 92 .8 69 .13 
0 30 67 .1 69 .8 110 .5 60.4 21.4 6.2 57 • 2 76 .6 96 .2 121 .6 96 .6 71 .24 
15 0 76 .0 80 • 6 102 .5 56.4 12.8 9.0 56 .9 74 .6 101 .5 115 .0 99 .0 71 .30 
15 15 69 .8 87 .5 112 .8 58.2 11.7 9.2 57 .7 71 .4 94 .7 122 .5 104 .2 72 .70 
15 30 70 .8 86 .7 118 .0 62.2 10.3 5.1 59 .7 75 .4 100 .2 127 .6 103 .5 74 . 50 
30 0 64 • iC 93 .0 106 .3 62-2 12.3 4.8 63 .0 69 .4 102 .8 124 .7 97 .0 72 .70 
30 15 71 .4 89 • 2 116 . 7 65.0 10.6 3.6 61 .7 65 .3  97 .5 126 .1 106 • 2 73 .94 
30 30 82 . 'c 88 • 2 118 . 6 58.1 11.7 5.4 56 .4 73 .7 96 .9 128 .8 102 .8 74 .80 
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Table 97. Mean yields of oats (bushels per acre) for varying 
levels of fertilizer on Clyde soil during specified 
years 
Fertilizer rates 
( lbs, /a. ) Years 
p2°5 KgO 1948 1951 1954 19 57 1960 Average 
0 0 45.2 55.5 23.2 47.6 50.4 44.38 
0 30 54.0 55.4 26.0 50.1 53.5 47.80 
0 60 45.8 58.0 25.3 45.2 58.4 46.55 
30 0 53.3 59.8 28.7 57.7 55.4 50.98 
30 30 50.5 67.1 38.0 64.1 69.9 57.93 
30 60 51.9 62.6 35.0 61.6 60.0 54.21 
60 0 52.5 61.8 30.8 57.4 60.8 52.65 
60 30 51.7 66.8 38.9 62.1 61.1 56.13 
60 60 54.0 67.6 41.1 62.6 69.2 58.89 
Tacle 98. Mean yields of oats (bushels per sere) for varying 
levels of fertilizer on Cresco soil during 
specified years 
Fertilizer rates 
( lbs ./a. ) Years 
p2°5 K2° 1945 1948 1951 1954 1957 1960 Average 
0 0 38.1 55.5 39.0 26.1 45.0 37.3 40.16 
0 30 39.4 48.5 42.4 26.7 45.7 33.9 39.44 
0 60 41.7 52.5 51.5 27.7 42.6 37.7 42.28 
30 0 53.0 62.4 50.3 37.8 59.7 44.1 51.22 
30 30 49.9 59.7 51.8 40.5 56.8 54.6 52-22 
30 60 48.8 61.3 57.0 40.6 57.8 46.5 52.00 
60 0 49.6 62.1 52-2 '41.2 62.0 41.4 51.42 
60 30 51.9 63.7 58.6 40.8 64.3 44.4 53.96 
60 60 50.4 66.0 62.0 45.4 60.0 46.5 55.05 
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Table 99. Mean yields of oats (bushels per acre) for varying 
levels of fertilizer on Acid Webster soil during 
specified years 
Fertilizer rates 
( lbs./a. ) Years 
P205 KgO 1955 1956 1957 1958 1959 1960 Average 
0 0 40.0 28.7 35.2 65.4 63.9 44.9 46.35 
0 30 37.4 33 • 2 36.6 53.0 43.5 40.2 40.65 
0 60 40.8 25.6 45.7 56.4 46.2 44.9 43.27 
30 0 66.5 61.3 38.9 87.1 80.2 59.9 65.65 
30 30 72.6 47.9 31.4 86.0 77.5 47.0 60.40 
30 60 70.1 59.8 39.4 88.4 88.4 65.3 68.57 
60 0 70.6 60.4 40.6 101.2 104.7 77.6 75.85 
60 30 77.2 58.0 36.5 103.4 80.2 70.1 70.90 
60 60 70.8 52.5 34.3 93.0 110.2 62.6 70.57 
Table 100. Mean yields of oets (bushels per sere) for varying 
levels of fertilizer on Calcareous Webster soil 
during specified years 
Fertilizer rates 
( lbs ./a. ) Years 
P2°5 KgO 1955 1956 1957 1958 1959 1960 Average 
0 0 36.6 20.7 25.2 47.0 30.6 33.4 32-25 
0 30 33.1 25.6 24.9 46.7 36.8 30.6 32.95 
0 60 49.3 %8.4 29.6 43.8 36.7 40.8 38.10 
30 0 60.6 45.8 35.4 74.8 70.0 50.5 57.52 
30 30 75.6 56.2 39.6 82.9 60.6 60.6 62.58 
30 60 74.6 41.0 35.2 78.3 74.2 65.4 61.45 
60 0 86.8 55.2 39.1 91.8 112.8 75.6 75.88 
60 30 85.4 43.4 37.3 88.7 93.2 73.5 71.08 
60 6u 82.1 46.2 33.0 9o.8 67.0 76.9 70.33 
s 
a. ) 
KgO 
0 
30 
60 
0 
30 
60 
0 
30 
60 
hean yields of oats (bushels per acre) for varying levels of fertilizer 
on Seymour soil during specified years 
Years 
1949 1950 1951 1952 1953 1954 1955 1956 1957 1958 1960 Average 
27 .4 16 .8 17.2 37 .5 19 .6 55 .0 95 .2 12.5 48 .9 81 .2 37 .4 40 .79 
22 .4 17 .6 17.6 33 .6 20 .4 49 .5 87 .8 15.6 49 . 8  73 .5 41 .0 38 .98 
23 . 6 19 .4 22.2 38 .3 16 .5 55 .3 88 .6 16.2 49 .7 76 .9 42 .8 40 .86 
29 .6 23 .3 21.3 44 • 8 31 . 6 59 .3 112 .3 20.1 60 .1 82 .8 45 .2 48 .22 
35 .0 16 . 2 17.5 46 • 25 .4 56 .7 120 .8 19.4 51 .1 92 .3 47 .3 47 .99 
30 .6 18 . 2 18.1 47 • 2 23 .3 50 .7 112 .0 20.5 53 .3 102 .0 39 .6 46 .86 
33 .8 19 .3 h3 .4 48 .0 24 .6 54 .5 113 .8 19.9 62 .4 92 .3 51 .4 49 .40 
32 .8 18 .0 16.4 51 .8 28 .6 52 .5 112 .4 18.3 60 .2 103 .4 46 .4 49 .16 
29 .8 24 . 8  25.8 46 .8 24 • 2 57 .0 112 . 8  20.2 56 . 8  100 .7 50 .6 49 .95 
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Table 10%. Mean yields of hay (tons per sere) for varying 
levels of residual fertilizer on Clyde soil 
during specified years 
Fertilizer rates 
( lbs./a.) Years 
P205 KgO 1949 1952 1955 1958 Average 
0 0 1.85 2.86 1.58 2.29 2.14 
0 45 2.16 3.06 2.03 2.64 2.47 
0 90 1.64 2.99 2.14 2-39 2.34 
45 0 2.03 3.30 1.90 2.84 2-52 
45 45 1.94 3.81 2.10 3.34 2.80 
45 90 2.25 4.45 2 • uo 3.41 3.16 
90 0 1.89 3.59 1.55 3.16 2.55 
90 45 2.54 4.31 1.99 3.30 2.98 
90 90 2.60 4.%6 2.40 3.80 3.26 
Table 103. Mean yields of hay (tons per acre) for varying 
levels of residual fertilizer on Cresco soil 
during specified years 
Fertilizer rates 
( lbs./a. ) Years 
P2°5 KgO 1946 1349 1952 1955 1958 Average 
0 0 1.20 1.23 2.88 1.90 2.37 1.92 
0 45 1.06 1.16 3.30 2.32 2.67 2.10 
0 90 1.28 1.56 3.27 2.56 2.63 2.26 
45 0 1.72 2.07 3.39 2.89 3.40 2.69 
45 45 1.61 2.17 3.72 3.14 3.52 2.85 
45 90 1.74 2.37 3.54 3.27 3.44 2.87 
90 0 2.01 2-26 3.42 3.15 3.50 2.87 
90 4c 2.12 2.31 3.90 2.90 3.66 2.98 
90 90 2.00 2.45 3.86 3.74 3.97 3.20 
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Table 104. Mean yields of hey (tons per acre) for varying 
levels of residual fertilizer on Acid Webster 
soil during specified years 
Fertilizer rates 
( lbs./a.) Years 
P2°5 KgO 1956 195 7 1958 1959 1960 Average 
0 0 1.32 1.50 1.39 .70 .44 1.07 
0 45 1.10 . 55 1.54 .62 .26 .82 
0 90 1.60 .65 1.30 .86 .49 .97 
45 0 1.94 2.25 1.84 1.80 3.70 2.30 
45 45 1.74 2.20 1.92 1.47 3.28 2.12 
45 90 1.87 2.40 1.82 1.58 3.60 2.25 
90 0 2.32 2.65 2.46 2.09 4.10 2.71 
90 45 2.82 2.45 2.58 2.61 4.40 2.96 
90 90 2.70 2.80 2.34 2.34 4.60 2.96 
Table 105. Mean yields of hay (tons per acre) for varying 
levels of residual fertilizer on Celcpreous 
Webster soil during specified yeers 
Fertilizer rates 
( lbs./a.) Years 
PgOg K20 1956 1957 1958 19 59 1960 Average 
0 0 .81 . 55 .20 .96 .18 .54 
0 45 1.38 .70 .14 .98 .25 .69 
0 90 1.26 .70 .38 .78 • Lie. .67 
45 0 1.89 %.20 1.25 2.09 2.42 1.97 
45 45 1.94 1.70 1.65 2.26 2.64 2.04 
45 90 1.59 1.70 .9% 2.10 2.90 1.84 
90 0 2.65 2.90 2.38 3 .09 3.82 2.97 
90 45 3.05 2.75 2.29 3.19 4.20 3.10 
90 90 3.16 Z.SO 2.36 3.44 4.05 3.12 
Tacle 106. Mean yields of hay (tons per acre) for varying levels of residual 
fertilizer on Seymour soil during specified years 
Fertilizer rates 
p2°5 K%° 1950 1951 1953 1954 1955 1956 1957 1958 1959 1960 Average 
0 0 1.96 %.06 2.5% 1.83 2.25 .99 1.81 3.03 3.23 2.95 2-26 
0 45 2.06 2.29 2.31 1.80 1.96 .84 2.11 3.01 3.38 2.71 2.25 
0 90 1.98 1.78 2.59 2-16 2.74 .93 2.16 3.44 3.32 2.88 2.40 
45 0 2.21 2.44 2.7% 2.18 2.62 1.04 2.33 3.47 3.56 3.70 2.63 
45 45 2.32 1.91 2.82 2.23 2.74 1.09 2.39 3.45 3.59 3.57 2.61 
45 90 2-27 2-4% 2.94 2.32 3.00 1.10 2.2? 3.2? 3.72 3.75 2.71 
90 0 2.39 2.54 2.87 2.27 2.82 1.24 2.30 3.25 3.64 3.72 2.70 
90 45 2.49 2.54 2.99 2.26 3.00 1.32 2.31 3.18 3.62 3.89 2.76 
90 90 2.98 2.68 2.67 2.44 2.58 1.16 2.78 3.40 3.81 3.72 2.82 
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XIII. APPENDIX B: SQUARE-ROOT FUNCTIONS 
The alternative mathematical model used in this study 
to characterize the fertilizer production functions was the 
square-root equation: 
(13.1) Y = b0 + bxP + bgK + b3VF + d4Vk + b5\/PK 
The regression coefficients and bg should be negative 
end bg and b4 should be positive in equation (1-3.1) in order 
to allow diminishing marginal products to each input. 
The estimated regression coefficients, standard errors, 
t-tests and for some of the corn, oats and hay experiments 
are presented in Tacles 107, 108 and 109. 
Table 107. Regression coefficients ( b^ ), standard errors, t-values and coefficients 
of determination (R^) for corn on Clyde, Cresco, Acid Webster, 
Calcareous Webster and Seymour soils during specified years8-
Clyde, 1950 
Standard error 
t 
Probability 
Clyde, 19 56 
Standard error 
t 
Probability 
Clyde, average 
Standard error 
t 
Probability 
Cresco, 1950 
Standard error 
t 
Probability 
Cresco, 1956 
Standard error 
t 
Probability 
3 J0 
24.43854% -.135433 -.204273 1.313217 4.574941 .271621 
.36851-3 .368513 2.054-342 2.054342 .198592 
.367 .554 .638 2.223 1.368 
d d d @ b 
.972 
44.822743 -.185912 
.218194 
.852 
-.7091-32 
.218194 
3.250 
# 
.384 784 
1.218727 
.316 
d 
9.99-3649 
1.218727 
8.200 
#* 
.380946 
.117585 
3.240 
* 
.996 
41.796311 -.461476 -.315375 1.-34 5156 5.796976 .539503 
.221991 .221991 1.2399-39 1.239939 .119631 
2-079 1.421 1.084 4.675 4.510 
+ b c * * 
.994 
46.777717 -.770166 
.343942 
2.239 
-.388524 
.343942 
1.1-30 
c 
7.692268 
1.921100 
4.004 
* 
3.064149 
1.921100 
1.595 
b 
030890 
• 185351 
1167 
d 
.965 
70.464 269 -.087149 -.441642 1.767756 4.500549 .0409-30 
.221941 .221941 1.2-39660 1.2-39660 .119604 
.392 1.990 1.426 -3.6-30 .342 
d @ b * d 
.972 
^Probabilities rre: ** ^ 1# + : 5-10# b: 20-30/= d: ^40# 
*1-5# 10-20# c : 30—40/5 
Table 107. (Continued) 
'0 
Cresco, average 61.258708 -.354454 
Standard error .096287 
t 3.681 
Probability * 
Acid webster, 1954 65.250980 -.49%298 
Standard error .244045 
t c.017 
Procaoillty @ 
Acid webster, 1956 63.94748% 1.115040 
Standard error .802612 
t 1.389 
Probability b 
Acid Webster, 
average 64.256102 .119314 
Standard error .284026 
t .420 
probability d 
Calcareous 
Webster, 1955 44.708678 .218104 
Standard error .276787 
t .788 
Probability d 
'3 R* 
-.219700 
.096287 
2.282 
@ 
3.162960 
.537810 
5.881 
1.840644 
.537819 
3.422 
# 
.248533 
.051889 
4.790 
* 
.994 
.117284 
-244045 
.480 
d 
3.401:46 
1.363127 
2.495 
+ 
-.345527 
1.363127 
.253 
d 
.059007 
.131516 
.449 
d 
.859 
.096634 
.802612 
.120 
d 
-4 .194482 
4.483017 
.936 
d 
-.095289 
4.483017 
.021 
d 
.025995 
.432528 
.060 
d 
590 
-.214550 
.284026 
.755 
d 
2.06 120 
1.596441 
1.299 
b 
.693724 
1•586441 
.437 
d 
.074404 
.153062 
.486 
d 
.958 
-.365735 
.276787 
1.321 
b 
.166761 
1.545003 
.108 
d 
.431^25 
1.545003 
.279 
d 
.512180 
.149160 
3-434 
# 
.966 
Table 107. (Continued) 
3 ;0 
Calcareous 
Webster, 1957 
Standard error 
t 
Probability 
Calcareous 
Webster, 
average 
Standard error 
t 
Probability 
Seymour, 1952 
Standard error 
t 
Probability 
Seymour, 1958 
Standard error 
t 
Probabili ty 
Seymour, average 
Standard error 
t 
Probability 
57.020294 .918735 
€
431685 
.529410 .529410 
1.735 .815 
@ d 
50.284500 .683291 -.213680 
.496613 .496613 
1.376 .431 
b d 
SI.298596 -.096826 -.071712 
.094213 .094213 
1.028 .761 
c d 
93.631176 -.096930 .149343 
.383675 .383675 
.253 .389 
d d 
66.737504 -.069120 .105095 
.027207 .027207 
2.540 3.863 
4- * 
1.315052 -2-255216 
57038 .9 
.445 
d 
.791>50 
2•773849 
.285 
d 
3.279222 
.586231 
6.231 
#•» 
2.189080 
.383675 
1.021 
c 
1.464958 
.151970 
9.640 
2.957038 
.763 
d 
1.055711 
2.773849 
.381 
d 
3.896305 
.526231 
7.404 
.073368 
2.143033 
.034 
d 
•230791 
•151970 
1.519 
b 
- .044807 
.285299 
.157 
d 
.156251 
.267625 
.584 
d 
--208319 
.050771 
4.103 
-.358237 
2.143033 
1.733 
@ 
-.069335 
.014662 
4.729 
* 
.966 
.955 
.996 
• 623 
.997 
Table 108. Regression coefficients (bj_), standard errors, t-values end coefficients 
of determination (R^) for oats on Clyde, Cresco, Acid Webster, 
Calcareous Webster and Seymour soils during specified years 
Clyde, 19 51 
Standard error 
t 
Probability 
Clyde, 1954 
Standard error 
t 
Probability 
Clyde, average 
Standard error 
t 
Probability 
Cresco, 1957 
Standard error 
t 
Probabili ty 
Cresco, 1960 
Standard error 
t 
Probability 
23.074734 
54.957239 -.034764 
.138151 
.252 
d 
-.041096 
.084087 
.489 
d 
-.105563 
.106829 
.988 
c 
-.094 512 
.106088 
.891 
d 
-.529884 
.248214 
2.135 
44.4689 76 
45.273594 
36.197927 
-.116716 
.138151 
.845 
d 
-.187158 
.084087 
2.226 
@ 
-.148255 
.106829 
1.388 
b 
-.122179 
.106086 
1.152 
c 
-.121082 
.248214 
.488 
d 
1.161372 
1.091275 
1.064 
c 
1.298811 
.664222 
1.955 
6 
1.822083 
.843862 
2.159 
2.378503 
.838004 
3. 554 
* 
4.680854 
1.960682 
2.387 
+ 
1.099037 
1.091275 
1.007 
c 
1.672819 
.664222 
2.518 
1.416908 
.843862 
1.679 
. 640949 
•838004 
.765 
d 
.847270 
1.960682 
.432 
d 
.064140 
.074449 
.861 
d 
.1319 54 
.045315 
2.912 
.053306 
.057570 
.926 
d 
.007791 
.057171 
.136 
d 
.097689 
.133763 
.730 
d 
.910 
.982 
.952 
.981 
• 824 
Table 108. (Continued) 
b0 bl 
Cresco, average 40.1074-30 - .168361 
Standard error .059067 
t 2.4-38 
Probability + 
Acid Weoster, 
1957 ,34 .896364 .093527 
Standard error .16-3532 
t .572 
Probability d 
Acid Webster, 
average 45.832841 -.044618 
Standard error .167607 
t .445 
Probability d 
Calcareous 
Webster, 1957 23.96-3247 -.254804 
Standard error -170296 
t 1.496 
Probability b 
Calcareous 
Webster, 
average 30.878187 .083619 
Standard error -189146 
t .442 
Probability d 
<3 
.048182 
.069067 
.698 
d 
2.845776 
.54u571 
5.216 
* 
-1208624 
-545571 
.382 
d 
.026118 
. 0-37220 
.702 
d 
.986 
.362759 
.163532 
2-218 
@ 
.120500 
1.291767 
.093 
d 
•1.500201 
1.291767 
1.161 
-.251255 
.088128 
2.851 
+ 
.828 
.325981 
.167607 
1.94 5 
4.311902 
1.323955 
•3.257 
* 
•2.763088 
1.323955 
2.087 
@ 
.002262 
.09032-3 
.025 
d 
.982 
.092370 
.170296 
.542 
d 
3.837-398 
1.345198 
2.853 
+ 
1.219342 
1.345198 
-906 
d 
-.132858 
.09177-3 
1.448 
b 
.897 
.058014 
.189146 
.307 
d 
5.024477 
1.494092 
3.363 
.411710 
1.494092 
.275 
d 
-.154116 
.101931 
1.610 
b 
.986 
Table 108. (Continued) 
b0 bl b2 b3 b4 b5 R
2 
Seymour, 19 58 79.208127 .008597 .095913 1.353819 -1 .108402 .310393 .908 
Standard error .326435 .326435 2.578560 2 • 578560 .175916 
t .026 .294 .525 .430 1.764' 
Probability d d d d @ 
Seymour, average 40.701201 -.071667 .0476 53 1.720195 -1 .430350 .008068 .982 
Standard error .055357 .055357 .437279 .437279 .029832 
t 1.295 .860 3.934 .984 .270 
Probability b d » c d 
Table 109. Regression coefficients (b<), standard errors, t-values and coefficients 
of determination (R^) for nay on Clyde, Cresco, Acid Webster, 
Calcareous Webster and Seymour soils during specified years 
Clyde, 195% 
Standard error 
t 
Probability 
Clyde, 1956 
Standard error 
t 
Probability 
Clyde, average 
Standard error 
t 
Probability 
Cresco, 195% 
Standard error 
t 
Probability 
Cresco, 1958 
Standard error 
t 
Probability 
'0 bs <3 R* 
%. 823 714 -, 
2.321914 -
006293 
01,9766 
644 
d 
003417 
007919 
432 
d 
2.174792 -.004094 
.004733 
.865 
d 
2 - 9 0 0 8 0 6  
2.414164 -
.000417 
.003523 
.118 
d 
006141 
.006194 
.991 
c 
-.000914 
.009766 
.094 
d 
-.001139 
.007919 
-144 
d 
.001002 
-004733 
-212 
d 
-009604 
.003523 
2.726 
+ 
-.002424 
.006194 
.391 
d 
.131425 
.094488 
1.391 
b 
.110258 
.076517 
1.441 
b 
.076461 
.045794 
1.670 
.057508 
.034085 
1.687 
.176385 
-059925 
2.943 
+ 
.034722 
.094488 
.367 
d 
.031369 
.076517 
.410 
d 
-017931 
.045794 
.391 
d 
•125217 
.034085 
3.703 
» 
.046601 
-059925 
.778 
d 
.007867 
.005263 
1.495 
b 
.004717 
.004262 
1.107 
c 
.005006 
.002551 
1.963 
.000125 
.001899 
.066 
d 
.000638 
.003338 
.191 
d 
.937 
.940 
.962 
.970 
.969 
Table 109. (Continued) 
b0 
Cresco, average 1.930484 -.Ou3064 
Standard error .002501 
t 1-225 
Probability c 
Acid Webster, 
19 59 .7223 51 .013708 
Standard error .010400 
t 1.318 
Probability b 
Acid Webster, 
average 1.077-27 .004828 
Standard error .004618 
t 1.045 
Probability c 
Calcareous 
Webster, 1959 .990451 -021813 
Standard error .004717 
t 4.6^4 
Probability * 
Calcareous 
Webster, 
average .561007 .021546 
Standard error .003619 
t 5.953 
Probability 
b. R* 
-002701 
.002501 
1.080 
c 
.129811 
.024199 
5.364 
* 
-007660 
-024199 
.316 
d 
.000633 
.001348 
.470 
d 
992 
.000435 
.010400 
.042 
d 
.03 5342 
.100617 
.351 
d 
.002831 
.100617 
.028 
d 
.000996 
.005605 
.178 
d 
.949 
.004483 
.004618 
.971 
d 
.135S63 
.044677 
3-036 
+ 
-.060287 
.044677 
1.349 
b 
.003939 
.002489 
1.583 
b 
.993 
.002910 
.0047 17 
.617 
d 
.013826 
.04 5638 
. 303 
d 
.008736 
.045638 
• 191 
d 
.004667 
.002542 
1.836 
.995 
-.004362 
-003 19 
1.205 
c 
- 054851 
.035013 
1. 566 
.049761 
.035013 
1.421 
b 
,000575 
,001950 
,295 
d 
,997 
Table 109. (Continued) 
bo 
l—I & b2 b3 b4 b5 R
2 
Seymour, 1953 
Stanuerd error 
t 
Probability 
£.444057 - .004920 
.007686 
.640 
d 
.000959 
•007686 
.125 
d 
.089040 
.074362 
1.197 
c 
-.0 2573 
.074362 
. 034 
d 
-.000623 
.004142 
.150 
d 
.694 
Seymour, average 
Standard error 
t 
Probebili ty 
2.258386 -.001274 
-0vl275 
.999 
c 
.003763 
.001275 
2.951 
+ 
.060937 
.012334 
4.940 
* 
-.023041 
.012334 
1.868 
-.000132 
.000687 
.191 
d 
.991 
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XIV. APPENDIX C: TESTS OF HOMOGENEITY 
OF ERROR VARIANCES 
Chi square values were computed for the corn, oats and 
hay experiments at esch location to test the hypothesis that 
the error variances were homogeneous. Results are presented 
in Table 110. 
Table 110. Bartlett tests of homogeneity of the error 
variances for corn, oets and hey experiments 
Crop • Location X^  
Probability 
levels 
Corn Howard County 14.426 
Clario n-lv ebster 22.311 + 
Seymour 17.606 + 
Oats Howard County 43.909 •iHt-
Clarion-Webster 31.972 ** 
Seymour 17.460 + 
Hay Howard County 388.332 
Clarion-Webster 151.887 
Seymour 81.035 vHf-
^Probability levels rre: **1 per cent 
*5 per cent 
+10 per cent. 
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XV. APPENDIX D: WEATHER STATIONS 
Table 111. Weather stations from which precipitation and 
temperature data were obtained, by years 
Experimental 
site 
Weather station 
Pr&cipiration data 
location and years 
Temperature data 
Howard County Cresco (1946-48) 
Saratoga (1949-60) 
Cresco ( 1946-51) 
Saratoga (19 52-60) 
Clarion-Webster Britt (1946-49) 
Kanawha ( 1950-60) 
Britt (1946-60) 
Seymour killer ton (1946-50) 
Corydon (1951-60) 
Mllerton (1946-50) 
Corydon (1951-50) 
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XVI. APPENDIX E: CORK WEATHER INDICES 
The precipitation, R, and temperature, T, variables 
used to compute the weather indices for corn were defined as 
follows: 
(15.1) R = Or - R) + (2R, if r = - R) 
(15.2) T = (tJy - TJy) + (tAg - fAg) 
where R is the estimated normal rainfall in inches for 10-day 
periods in July and August; r is the rainfall in 10-day 
periods in July and August, smaller then R; T is the estimated 
normal average maximum temperature in July in degrees Faren-
heit; T^ is the estime ted normal average maximum temperature 
in August; tJy is the average maximum temperature in July 
Tjy; and tAg is the average maximum temperature in August 
^Ag ' 
The estimated normal rainfall and temperatures for each 
experimental location are shown in Table 112. 
Table 112. Estimated normal rainfall for 10-day periods in 
July and August and estimated normal temperature 
in July and August at three Iowa locations 
Location R (inches) ?Jy (°?) ?Ag (°F) 
Howard County 1.4 83 82 
Clarion-Webster 1.1 86 85 
Seymour 1.3 87 86 
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The R and T variables and the weather indices for corn 
estimated by equations (5.2), (5.3) and (5.4) are presented in 
Table 113. 
To test the validity of the procedure, the weather 
Table 113. Precipitation (R) and temperature (T) variables 
and weather indices (W) for corn at three Iowa 
locations 
Locations 
Howard County Clarion-Webster Seymour 
Year R T .W R T V; R T ]'! 
1946 2-0 0 9.3 3.2 0 18.3 2.7 0 0.0 
1947 8.4 8.9 39.2 7.9 9.7 56.2 6.1 9.0 82.3 
1948 5. 5 7.3 25.7 1.6 4.4 14.4 4.0 2.5 22.8 
1949 5.4 5.4 25.2 5.8 3.1 36.8 1.7 0 0.0 
1950 7.1 0 33.1 3.9 û 22.2 2.9 0 0.0 
195ia 1.0 0 4.7 0.5 0 2.8 1.6 0 0.0 
1952 1.2 0 5.6 1.6 0 9.1 4.0 0 o.o 
1953 6.3 0 29.4 2.2 0 12.6 7.4 3.9 35.6 
1954 2.8 0.3 13.1 2.6 1.2 16.3 4.2 6.1 55.8 
1955 9.0 9.5 42.0 4.1 9.2 34.5 7.5 8.8 80.4 
1956 2-5 0 11.7 2.5 0 
to 1—1 
2.2 0 0.0 
1957 1.5 1.0 7.0 1.8 3.5 14.5 7.3 4.7 43.0 
1958 2-7 0 12.6 2.4 0.9 14.8 2.6 0 0.0 
1959 5.7 0.2 26.6 3.7 1.7 23.2 4.8 1.6 14.6 
1960 2-2 .0 10.7 3.3 0 18.8 0.7 0 0.0 
aEarly frost. 
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indices were used to explain the variation in the average corn 
yield of Howard, Hancock and Wayne Counties"*" over the period 
1946-1960. A time variable, t, was included in the regression 
to account for the increase in county yields due to techno­
logical advancement. 
2 
The estimating equations with the corresponding R values 
are shown below: 
(15.3) Howard County Y = 56.16 - .437 W + 1-124 t 
R2 = .80 
(15.4) Hancock County Y = 68.17 - .534- W + .822 t 
R2 = .87 
(15.5) Wayne County Y = 47.93 - .260 V/ + .847 t 
R2 = .82 
•'-Locations of the experimental farms. See Chapter II. 
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XVII. APPENDIX F: OATS WEATHER INDICES 
The precipitation, R, and temperature, T, variables used 
to compute the weather indices for oats were defined as 
follows: 
(16.1) R = r^ + rj 
(16.2) T = t^ + t^ + tj 
where r^ is the precipitation from April 11 to June 10, — R^ 
or ^  Rj^g (the estimated low and high normal rainfall in the 
period mentioned); rj is precipitation from June 11 to July 
20, ^  Rj2_ or £ Rjr, (the estimated low and high normal rainfall 
in the period mentioned); t^ is the average maximum tempera­
ture in April, ^  T^ (the estimated low normal temperature in 
April) ; is the average maximum temperature in Kay, ^ TJQ 
or (the estimated low and high normal temperature in 
Kay); tj is the average maximum temperature in June, ~ Tj^ 
or ^  Tj-^ (the estimated low and high normal temperature in 
June). 
The estimated limits of normal precipitation and 
temperature at the locations under study are shown in Tables 
114 and 115. 
305 
Table 114. Estimated limits of normal rainfall (in inches) 
for specified periods of time at three Iowa 
locations 
Location 
1 
H
 
1#
*
 
RA2 RJ1 RJ2 
Howard County 4 10 4 7 
Clarion-Webster 4 9 3 7 
Seymour 4 8 3 6 
Table 115. Estimated limits of normal temperature (°F) for 
specified periods of time at three Iowa locations 
Location TA %1 ^l«i2 TJ1 TJ2 
Howard County 50 66 72 72 77 
Clarion-Webster 55 70 76 75 81 
Seymour 60 68 76 77 83 
The H and T variables and the weather indices estimated 
by equations (5.5), (5.6) and (5.7) are shown in Table 116. 
The weather indices and a time variable, t, were used to 
explain the variation of the average oats yields in Howard, 
Hancock ar.d Seymour Counties over the period 1946-1960. The 
2 
regression equations and the corresponding R 1 s pre: 
(16.3) Howard County ï = 36 .37 - .181 ï i
—
i GO O
 
+
 t R2 = : .07 
(16.4) Hancock County Y = 44 .96 - .060 : + . 569 t R2 = : -41 
(16.5) Wayne County Y = 41 .94 - .314 V v - .442 t R2 = : .51 
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Table 116. Precipitation (R) and temperature (T) variables 
and weather indices (¥) for oats at three Iowa 
locations 
Locations 
Howard County ' Clarion-Webster Seymour 
Year R T W R T W R T W 
1945 1.9 4.5 15.4 - - - - - -
1946 0 0 0.0 0 4.2 22.2 8.0 0.8 84.9 
1947 6.0 4.5 30.0 3.0 1.7 95.2 7.0 0.7 74.3 
1948 1.1 0.6 5.1 0 0.8 4.2 0 0.8 5.6 
1949 0 5.4 10.4 - 0 4.0 . 21.1 4.7 0 46.6 
1950 5.3 0.5 21.6 0 • 11.6 58.0 4.0 1.4 49.5 
1951 0 1.% 4.3 4.0 5.4 143.5 1.8 3.8 44.5 
195% 0 2.6 5.0 6.1 5.0 201.8 2.4 4.1 52.6 
1953 3.7 2.7 
to CO 1—1 
0 7.5 39.6 0 7.8 54.8 
1954 1.8 4.0 14.1 5.5 3.3 175.6 4.0 2.3 55.8 
1955 1.6 1.7 9.0 0 1.7 9.0 0 0 0.0 
1956 0 5.0 9.6 2.7 0 1.7 9.0 0 o.o 
1957 0 0.3 0.6 1.3 1.2 43.7 0.6 0 5.9 
1958 0.4 0 1.4 0 0.5 2.6 2.1 1.1 28.5 
1959 0 1.3 2.5 0 2.8 14.3 5.6 0 55.5 
1960 0.3 0 1.1 0.8 0 23.0 2.8 0 27.7 
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XVIII. APPENDIX G: HAY WEATHER INDICES 
The precipitation, Rj_, and temperature, T^, variables 
used to derive the weather indices for the meadow were defined 
as follows: 
First cutting: (17.1) ^1 = ri - Ri 
(17.2) Tx = tA + tM + tJ:L 
Second cutting: (17.3) R2 = r2 ~ R2 
(17.4) T2 = tj2 + tjy + tAg 
where: 
r-^ = precipitation from April 11 to neerest 5-day period 
prior to cutting, ^  R^ (estimated required rainfall for 
the period); r^ = precipitation between 1st and 2nd 
cuttings, approximated in 5-day periods and 6 Rg 
(estimated required rainfall for the period). 
t^ = average maximum temperature from April 11 to 30, £ T^ 
or ^TA2. 
t^ = average maximum temperature during May, 6 T^ or ^ T^.. 
tji = average maximum temperature from June 1 to approxi­
mate cutting date, é Tjh or ^Tj]_g. 
tjg = average maximum temperature from approximate cutting 
date to June 30, ^  ^J21 or ^  TJ12* 
tjy = average maximum temperature during July, 4= Tjy^  or > 
^Jy2" 
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tAg = average maximum temperature from August 1st to approxi­
mate 2nd cutting date - T^ g]_ or % TAg2' 
The T quantities are the estimated low and high temperatures 
for the periods concerned. 
The R and T values for the three locations studied are 
presented in Tables 117 and 118. 
The R^ and T^ variables defined in the manner described 
and the weather indices derived from equations (5.8), (5.9) and 
(5.10) are presented in Table 119. 
Table 117. Estimated required rainfall for two cuttings of 
hay at three Iowa locations 
Estimated rainfall (inches) 
Location Hg 
Howard County 5.0 5.0 
Clarion-Webster 5.0 3.5 
Seymour 5.0 4.5 
Table 118. Estimated limits of normal temperature for hay 
for specified periods of time at three Iowa 
locations 
Estimated average maximum temperature (°F) 
location ^A! ^A2 %1 ^M2 %lA 12%2 A22^Jy Ay2^Ag Ag2 
Howard 
County 
Clarion-
Webster 
Seymour 
55 65 64 74 72 82 74 84 76 86 76 86 
56 66 6 5 7 5 7 5 8 5 7 7 8 7 79 89 79 89 
58 68 68 78 75 85 77 87 80 90 80 90 
Table 119. Precipitation variables (R^) and temperature variables (T^) and 
weather indices (W) for hay at three Iowa locations 
Year R-I 
Howard County 
T-, RC T, W RI 
Locations 
Clarlon-Webster 
T- RI 
Seymour 
RC W 
1946 0.0 0.0 0.0 0.0 .000 0.0 2.2 0.0 0.0 .572 0.5 0.7 0.0 0.0 .791 
1947 0.0 2.5 1.7 4.9 1.406 0.2 0.0 0.0 1.5 .180 0.0 0.0 0.0 1.1 .022 
1948 0.0 0.0 2.1 0.6 .903 0.4 2.1 0.0 0.0 .546 0.9 0.0 0.0 0.0 1.008 
1949 0. 0 0.0 0.0 0.0 .000 0.9 0.0 0.0 o.o .000 0.8 0.0 0.0 0.0 .896 
1950 0.0 0.0 0.0 0.0 .000 0.0 2.4 0.0 0.0 .624 0.0 0.0 0.8 0.6 .937 
19 51 0.0 0.1 0.0 1.5 .027 0.0 0.0 0.0 0.0 .000 0.0 1.0 0.0 1.5 .360 
1952 0.0 0.0 0.0 0.0 .000 0.2 0.0 0.0 0.0 . 000 0.0 0.0 0.0 1.6 .032 
1953 0.0 0.0 0.0 0.0 .000 0.0 0.0 0.0 0.3 .096 o.o 1.8 0.2 2.2 .664 
1954 0.0 0.1 0.3 0.0 .156 0.0 1.3 0.0 0.0 .338 0.0 1.1 2.8 7.1 .869 
1955 0.0 1.0 2.1 2.2 1.173 0.7 0.0 0.0 0. 7 .084 0.0 1.8 0.0 1.0 .614 
1956 0.0 0.0 0.0 0.0 .000 0.0 0.1 0.0 2.6 .338 1.7 0.0 0.0 4.2 1.988 
1957 0.0 0.0 0.0 0.0 .000 0.0 0.0 0.0 0. 5 .060 0.0 0.0 2.0 0.7 .274 
1956 0.6 1.0 0.0 0.0 .462 0.0 2.2 0.0 0.0 .572 0.0 0.0 0.0 0.0 .000 
1959 0.0 0.0 2.0 0.0 .860 0.0 0.0 0.0 1.4 • 168 o.o 0.0 0.0 0.0 .000 
1960 0.0 0.0 0.0 0.0 .000 0.0 0.0 1.9 0.0 .000 o.o 0.0 0.0 0.0 .000 
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XIX. APPENDIX Hi ANALYSES OF VARIANCE FOR THE 
GENERALIZED CROP FUNCTIONS 
Analyses of variance were performed according to each 
generalized crop function for corn, oats and hay to estimate 
the contribution of the regression variables to the reduction 
of sums of squares of deviations. The analyses are presented 
in Table 120. 
Table 120. Analyses of variance for the generalized crop 
functions for corn, oats and hay 
Degrees 
Function Source of of Sums of Mean 
no. variance freedom squares squares F 
5. 21 Total 305 176,029.27 
Regression 30 110,725.10 3 ,690 .84 
Deviations 275 65,304.17 237 .47 
5. 22 Total 305 176,029.27 
Regression 15 103,083.49 6 ,872 .23 
Deviations 290 72,945.76 251 .54 
5. CO Total 305 176,029.27 
Regression 12 101,497.62 8 ,458 .13 
Deviations 293 74,531.65 254 .37 
5. 24 Total 305 176,029.27 
Regression 14 107,686.33 7 ,691 .88 
Deivetions 291 68,342.94 234 .86 
C 
V # 25 Total 98 11,944.79 
Regression 34 10,793.21 317 .45 
Deviations 64 1,151.58 17 .99 
15.542** 
27.321** 
33.251** 
32.751** 
17.642** 
^•"•Significant at the 1% level. 
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Table 120. (Continued) 
Degrees 
Function Source of of Suras of Mean 
no. variation freedom squares squares F 
5 .26 Total 
degression 
Deviations 
98 
28 
70 
11,944.79 
10,779.31 
1,165.48 
384.98 
16.65 23 .122** 
5 .27 Total 
Regression 
Deviations 
98 
24 
74 
11,944.79 
10,692.48 
1,252.30 
445.52 
16.92 26 .333** 
5 .26 Total 
Regression 
Deviations 
98 
34 
64 
33,315.26 
30,535.58 
2,779.68 
898.10 
43.43 20 .679** 
6 .29 Total 
Regression 
Deivstions 
98 
15 
83 
33,315.26 
29,200.91 
4,114 .35 
1 ,946.73 
49.57 39.270** 
5 .30 Total 
Regression 
Deviations 
98 
34 
64 
71.1093 
66.0031 
5.1062 
1 .9413 
. 0798 24 .327** 
5, .31 Total 
Regression 
Deviations 
98 
19 
79 
71,109.268 
65,683.2^4 
5,426.044 
3 ,457.012 
.068684 50 .332** 
